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P R E F A C B. 



The following pages are designed to embody the course 
of " Calculus and its Applications/^ as now taught in 
Columbia College. This course being purely optional, is 
selected by those only who have a taste for mathematical 
studies, and it is pursued by them more with reference to 
its utility than as a means of mental discipline. These 
circumstances have given to the present work a practical 
character that can hardly fail to commend it to those who 
study the Calculus for the advantages it gives them in 
the solution of scientific problems. To meet the wants 
of this class of students, great care has been taken to avoid 
superfluous matter; the definitions have been revised and 
abbreviated ; the demonstrations have been simplified and 
condensed ; the rules and principles have been illustrated 

and enforced by^'^^'^^^^^^^^pl^^^'^® chosen as to famil- 
iarize the student with ^h^ use cOf radical and transcen- 
dental quantities; and fibjaily, the manner of applying the 
Calculus has been exemjriified-})^ ^tLe solution of a vanety 
of problems in Mechanics and Astronomy. 

The method employed in developing the principles 
the science is essentially that of Leibnitz. This metho^ 
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generally known as the method of infinitesimals, has been 
adopted for several reasons : first, it is the method adopted 
in all practical investigations; second, it is the method 
most easily explained and most readily comprehended; 
and third, it is a method, as will be shown in the final 
note, identical in results with the more commonly adopted 
method of limits, differing from it chiefly in its phraseology 
and in the simplicity of its results. 

The author cannot conclude this prefatory note with- 
out acknowledging his obligations to those students who, 
from year to year, have been willing to turn aside from 
the attractive pursuit of classical learning to engage in the 
sterner study of those processes that have contributed so 
much vto the progress of modern science. Without their 
interest and co-operation this book would never have been 
written. He would also take this opportunity to express 
his thanks to his distinguished colleague. Professor J. H. 
Van Amringe, not only for many valuable suggestions 
made during the progress of the work, but also for much 

effective labor in reading and correcting the proofs as they 

*• • • 
came from the press: >: : • 
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PART I. 



DIFFERENTIAL CALCULUS. 



I. Dbfiiotions and Inteoduotoey Behabks. 

Olassification of Qnantities. 

1. The quantities considered in CalculUs.aie'df 'two 

kinds: constants, which retain a fix^d'.vaJu^^'^^rougho'ut' • 

the same discussion, and varialless WhiDjfr'-aAmlt'of all pas'- .'- / 

sible values that will satisfy the equations into which thoy '/ •' 

enter. The former are usually' dieted by leading letteri */ 

* » ' 
of the alphabet, as a, h, c, etQ. ;.^^i;id the latter by final'. 

letters, as x, y, z, etc. ; particular valufes of variable quan- ' 

tities are denoted by writing them.^Jfitii'one or more dashes; ; - -' 

as x', y", z"\ etc. 



* * • . ' * ■» ' . 

» . • ■» ' • ' . 



Functions of one or more Variables. ; 






» » - ■» - 



2. Kelations between variables are expressed bj' equa- 
tions. In an equation between two variables, values may 
be assigned to one at pleasure ; the resulting equation de- 
termines the corresponding values of the other. The one 
to which arbitrary values are assigned is called the inde- 
pendent variable^ and the remaining one is said to be a 
function of the former. If an equation contain more than 
two variables, all but one are independent, and that one is 

a function of all the others. The fact that a quantity 

1* 
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depends on one or more variables may be expressed as 
follows : 

y =f{^) ; ^ = ^{^y y) ; f(x, y, z) = o. 

The first shows that y is a function of x, the second that 
zis a function of x and y, and the third that x, y^ and Zy 
depend on each other, without pointing out which is a 
function of the other two. 



Qeometrical representation of a Function. 

8. Every function of one variable may be represented b> 
the ordinate of a curve, of which the variable is the cor- 
responding abscissa. For, let y be a function of a, and 
^jppose &ts}:\j^v^Q by insensible gradations from — (» 
^•.+ op. *Fo^c'^$c&'^ value of x there will be one or more 
Rallies of y, and*^ fhese, if real, will determine the position 
of a point with respect to two rectangular axes. These 
' - points make up a cui"^,* at every point of which the rela- 
\ tion between the oriiinafce"and abscissa is the same as that 
y "between the functioiiL^ ^ud independent variable. This 
c(^ijrve is called the^ cic^^e 6f the function. 
Iw""/ J\5r.valuea of ^ tfi^t^give imaginary values of y there are 
^ /n^a^Hdis;; for those* that give more than one real value of 
yiu)^^j:Q^ is- a corresponding number of points. 

In a similar manner it may be shown that a function 
of two variables represents the ordinate of a surface of 
which the variables are corresponding abscissas. 



«, *- 



4, *» V- o 



Diflferentials and Differentiation. 

4. Of two quantities, that is the less whose value is 
nearer to — oo , and that is the greater whose value is 
nearer to + oo. A quantity is said to increase when it 
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ai/proaches + oo , and to decrease when it approaches — oo . 
The ordinates of a curve originate from the axis of X and 
of any two, that is the greater whose extremity is nearer 
+ 00 , and that is the less whose extremity is nearer — oo ; 
in like manner of two abscissas, that is the greater whose 
extremity is nearer + oo , and that the less whose extremity 
is nearer — oo . 

In what follows we shall suppose the independent varia- 
ble to increase by the continued addition of a constant but 
infinitely small increment. For every change in the value 
of the variable there is a corresponding change in the value 
of the function. In some cases, as the variable increases, 
the function increases ; it is then said to be an increasing 
function: in other cases the function- (Je^n^aaes as the 
variable increases ; it is then said \fi'\Ai^^4^Giid^rig fwio- 
tion. In all cases, the change in ,i/a?we is, called an inc^^ 
ment; for increasing functions^ the increment is positive, 
and for decreasing functions it is fifcgative. The increment 
of the function is always infinitely 'small, but it is not con- 
stant, except in particular case& ;»^ * 

The infinitely small increment ef^jthe independent varia- 
ble is called the differential of the* yariaUe, and the^ cot- 
rts\^on^mg increment oi the function, ;s called, the ^i^r- 
ential of the function. Hence, the differsr^tial of a qi^ntjty 
is the difference between two consecutive Values of that 
quantity. It is to be observed that the difference is always 
found by taking the first value from the second. 

The operation of finding a differential is called differen- 
tiation. The object of the differential calculus is to ex- 
plain the methods of differentiating functions. 
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DIFFEBEKTIAL CALCULUS. 



Q^ometrical niiutratiou. 

5. Let KL be a curve in the plane of the rectangular 
axes OX and OF, and let OA and OB be two abscissas 
differing from each other by an infi- 
nitely small quantity AB. Through 
A and B draw ordinates to the 
curve, and let PR be parallel to 
OX. OA and OB are consecutive 
abscissas, AP and BQ are consecu- 
tive ordinates, and P and Q are 
consecutive points of the curve. 
The p^rt,of ^the curve PQ does 
.not diflfei jSeilsibly from a straight line, and if it be pro 
.'.Jcijiged t(mai»d*-'lR.tti5 Jine PT is tangent to the curve at 

• .•.,••.?. • If we deifote any "abscissa OA by ic, and the corro- 

.,:;: VWonding ordinate.by y, %e have, 




Fig.l. 






w »« 



.• . The line AB is th« jiijepential of the independent vana- 
***^^.lble, denoted by tbe^s^mljol dx\ RQ is the diflFerential of 
*!-*V4ihe function, .deli^t^d" by dyi and P^ is the diflFerential 

• . A)f.ibeKiurjire KL, denoted by ds. 

• rKifi ; rijght aijgled triangle, RPQ, gives the relation 

(fe = Vai? + dy^. Denoting the angle RPQ by d, we 
have, from trigonometry, 



tand = -^; sind — -^ — 



rfy 



and, cosd = -=- = 



dx 



ds V^ + rfy* 
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Infinites and Infinitesimals. 

6. A quantity is infinitely great ^^lih. respect to another^ 
when the quotient of the former by the latter is greater 
than any assignable number, and infinitely small with re- 
spect to it, when the quotient is less than any assignable 
number. If the term of comparison infinite, quantities of 
the former class are called infinites, and those of the latter 
infinitesimals. 

Infinites and infinitesimals are of different orders. Lot 
us assume the series, 

a a a ^ ^ 

In which a is a finite constant and x variable. If we 
suppose X to increase, the terms preceding a will diminish, 
and those following it will increase ; when x becomes greater 

than any assignable quantity, — becomes infinitely small 

Jb 

with respect to a, and because each term bears the same 
relation to the one that follows it, every term in the series 
is infinitely small with respect to the following one, and 
infinitely great with respect to the preceding one. The 
quantity ax being infinitely great with respect to a finite 
quantity, is called an infinite of the ^rs^ order; ax^, ax*y 
etc., are infinites of the second, third, etc., orders. The 

quantity - being infinitely small with respect to a finite 

X 

quantity is called an infinitesimal of the first order; — , -|, 

X X 

etc, are infinitesimals of the second, third, etc., orders. 

It is to be observed that the product of two infinitesi- 
mals of the first order, is an infinitesimal of the second 
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order. For, let x and y be infinitely small' with respect 
to 1, we shall have, 

1 : X i: y : xy. 

Hence, xy bears the same relation to y that x does to 1, 
that is, it is infinitely small with respect to an infinitesimal 
of the first order ; it is therefore an infinitesimal of the 
second order. The product of three infinitesimals of the 
first order is an infinitesimal of the third order, and so on. 
In general, the product of an infinitesimal of the m^ order 
by one of the n^^ order, is an infinitesimal of the {m + n)^ 
order. The product of a finite quantity by an infinitesimal 
of the w*^ order, is an infinitesimal of the n*^ order. 

From the nature of an infinite quantity, its value will 
not be sensibly changed by the addition or subtraction of 
a finite quantity. A finite quantity may therefore be dis- 
regarded in comparison with an infinite quantity. For 
a like reason an infinitesimal may be disregarded in com- 
parison with a finite quantity, or with an infinitesimal of a 
lowet order. Hence, whenever an infinitesimal is con- 
nected, by the sign of addition, or subtraction, with a finite 
quantity, or with an infinitesimal of a lower order, it may 
be suppressed without aflPecting the value of the expression 
into which it enters. 

General method of Differentiation. 

7. In order to find the differential of a function, we give 
to the independent variable its infinitely small increment, 
and find the corresponding value of the function; from 
this we subtract the preceding value and reduce the result 
to its simplest form; we then suppress all infinitesimals 
which are added to, or subtracted from, those of a lower 
order, and the result is the differential required. 



DIFFERENTIATION OF ALGEBRAIC FUNCTIONS. 15 

This method of proceeding is too long for general use, 
and is only employed in deducing rules for differentiation. 

11. Differentiation of Algebraic Functions. 

Definition of an Algebraic Funotion. 

8. An algebraic function is one in which the relation 
between the function and its variable can be expressed by 
the ordinary operations of algebra, that is, addition, suh^ 
traction, multiplication, division, formation of poioers de- 
noted hy constant exponents, and extraction of roots indicated 
hy constant indices. Thus, 

y* — 2pXf y = ax^ -- Vfoc? and Vy = ^a*x — &b", 
are algebraic functions. 

Di£ferential of a Polynomial. 

9. Let a and c be constants, and r, s, t, functions of x; 

assume 

y z=zar -{- s— t + c; (1) 

in which y denotes the polynomial in the second member, 
and is therefore a function of x. 

If we give to x the increment dx, the functions y, r, s, 
and t, receive corresponding increments dy, dr, ds, dt, and 
we have, 

y-\-dy=a{r^- dr) ^- (s ^- ds) — (t + dt) ^ c (2) 

subtracting (1) from (2), we have, 

dy = adr -^ ds— dt (3) 

Hence, to differentiate a polynomial, differentiate each 
term separately and take the algebraic su7n of the results. 

Comparing (1) and (3) we 8ee,Jirst, that a constant factor 
remains unchanged, and secondly, that a constant term 
disappears by differentiation* 
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Diflferential of a Product. 

10. Let r and 5 be functions of x. Placing their pro* 
duct equal to y, we have, 

' y = rs (1) 

Giving to x the increment dx, we have, as before, 

y -\- dy = (r -{■ dr) {s + ds) = r5 4- rds + sdr + drds. . (2) 

Subtracting (1) from (2) and suppressing drdSy which is an 
infinitesimal of the second order, we have, after replacing 
y by its value rs^ 

d{rs) = rds + sdr (3) 

Hence, to diflTerentiate the product of two functions, 
multiply each.hy the differential of the other y and take the 
algebraic sum of the results. 

If we suppose r = tw^ we have, from the rule, 

dr = tdw + wdt'y 

which substituted in (3), gives, 

d{stw) = twds + stdw + swdt (4) 

In like manner the principle may be extended to the 
product of any number pf functions. Hence, to differen- 
tiate the product of any number of functions, multiply the 
differential of each by the continued product of all the 
others, and take the algebraic sum of the results. 

Cor. — If we divide both members of (4) by stw, we have. 



d{stw) ds dt dw 

— ; — = — + -r + 



(5) 



stw s t w 

and similarly, where there are a greater number of factors. 
Hence, the differential of a product divided by that pro-- 
duct, is equal to the sum of the quotients obtained by 
dividing the differential of each factor by that factor. 
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Differential of a Fraction. 

11. Let 8 and t be functions of x, and assume, 

' y=i (1) 

GiYing to X the increment dx, we haye, 

, , 8 + ds ,-.. 

y^^y^TTdt <*) 

Subtracting (1) from (2), 

8 + ds 8 _td8 — sdt 
TTdi l^TTldi' 



dy = 



Beplacing y by its value -, and suppressing tdt in compari- 

son with ^*, we have, 

ids — sdt 



(0- 



f 



(3) 



Hence, the differential of a fraction is equal to the denoni' 
inator into the differential of the numerator^ minus the 
numerator into the differential of the denominator, divided 
by the square of the denominator. 

If either term of the fraction be constant, its differential 
will be 0. When the denominator is constant, formula (3) 
becomes. 



<-)=^ 



.... (4) 
when the numerator is constant it becomes, 

4)=-f (») 
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Di£Ferential of a Power. 
12. Let shoB, function of x, and m a constant. AsBume 

y = «"* (1) 

Oiying to x the increment dos, we haye> 

y + dy={s + ds)^ = »^ + ww^""^* 

+ ^^^ 8m-2d8^+ (etc.) (2) 



In which all the terms of the development, after the second, 
contain the square, or some higher power, of ds. Subtract- 
ing (1) from (2), we have, 

dy = ms^^^ds + (etc.) ds^. 

Suppressing all the terms of the second member, after the 
first, in accordance with the principle laid down in Art. 6, 
and replacing y by its value, we have, 

d{8^) = ms^-^s (3) 

Hence, to diflferentiate any power of a function, diminis/i 
the exponent of the function by 1, and multiply the result by 
the primitive exponent and the differential of the function. 



Differential of a Radical. 
13* liCt s be a function of x^ and assume, 

y=Vs (1) 
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We may write (1) in the form, 

1 
y=«^ (2) 

Differentiatiiig (2), as in the last article, we hayei 



1-1 IzS 
dy^^a" d8 = -8 "" ds (3) 

Replacing y by its value, and remembering that 

«1— ^ = — 7, we have, 

- ny- 1 dS ... 

wy^^-l 

That is, the differential of a radical of the w'^ degree 
13 equal to the differential of the quantity under the 
radical sign, divided by n times the {n — l)*** power of the 
radical. 

Cob. — If w = 2, we have, 

'^'-^. (»> 

That is, the differential of the square root of a quantity 
is equal to the differential of the quantity under the radical 
sign, divided by twice the radical. 

The preceding rules are sufficient to differentiate any 
algebraic function whatever. 



7 
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EXAMPLES. 

1. Let y = bx^. 

This is the product of the function x^ by the constant 6 ; 
hence, (Art. 9), 

dy = 6d{x^) = 5 X Bx^dx = 16x*dx (Art 12). 

2. Let y = a;8 + 2a;8 + 82; + 4. 

This is a polynomial. Hence, from Art. 9, 

dy = Sx^dx + 4xdx -h 3dx. 

3. Let y = (a + hxy. 

Considering a + bx as a single quantity, we haye, 
(Art 12), 

dy = 3(a4-5ir)« d{a + hx) = 3(a + 5a?)« Jrfa; = 3b{a + bx^dz. 

4. Let y =:{a + bx*)^. 

dy = w(a + bx^)'^-'^d{a -{-bx^) = %bnx{a + jl)^-"^£&. 

6. Let y = Va^ -^^ = («* -,i»^)^. 



dy = i(a* - a;«)~» X - 2a;(te = 



6. Let y = (a + a;) (5 + 2a;»). 
By Art. 10, we have, 

dy = (a + ic)d(^ + 2a;8) + (J + 2a;«)d(a + a?) 

= (a + a;)4a;c?a; + (J + 2x*)dx ; or, cly 

= (62;' + 4£ux>+ b)dx. 
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ax 



By Art 11, we have, 



, _ (q« + x*)d{ax) — axd(a* + x*) _ a(a»--^») 



a Let y = Va; + Va* + xK 

m 

dy = rf[a; + (a» + ««)*]*= i[a; + (a» + «»)*] "" * 

X d\x + (a« + ««)*] 
but, d [a; + (a* + a;*)^] = rfa; -{■xdx{a^ +a;«)'^^ 
= [« + (a« +a;8)i](a8 +««)""* da?, 

9. y = aa;» — bx^ =fc c. ^tw. dy = (j^a;» — f 5a;^)das, 

10. y = oa?"" * — bx'" * ± c. 

-47W. dy=z -^ yi^toT' » - |&b~ ■)(&. 

11. y = (a« — a;8)*. -4w«. dy — — 4x{a^ - x*)dx. 



12. y = (2ax — a;*)'*. -47^«. dy = 6{a — x){2ax — x*)*dx. 
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jw . - - n— Ir ' •,«»»— 1 



13. y = (a + te^) . -4w5. dy = mw^"~-^(a + Ja;^) das. 

n 71—1 

14. y==(2flKB +««) . -4w5.dy=2w(a +a;)(2aa; +«*) (2x. 

15. y=,x(a-\' x)(a* +»«), 

-4w«. dy = (a* + 2a*a; + 3aaj' + 4«*)c2as. 

16. y = (a + a;)^(J + a;)^ 



a — a ^ •!_ 2a 



^17. V =- — -'• -4w«. dy = — 

fit T iB 



(a+«)" 



dx. 



^^- y ~ a; + 3 • ^ (a; + 3)« ^^ 

v^A^;*— jc + l . , 2x(x — 2/ , 

20. y = VoTa. ^^- ^y = 



21. y = vTfo* -4w5- dy = 



2va+»j 
xdx 



(2aa; + &)da; 



-4 22. V = Vaa* + &c + c. ^7W. dy = — . — - . 

^ ^ 2 Vaa;8 + Ja; 4- c 

. (a + 3a;)d!3? 

23. y = (a'' x)ya+x. Ans. dy = — - — . . 

2va + X 

24 y = (a + x)ya — a;. 4ws. dy = ^^ — . 

2va — a; 
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4 lit 



26. y = (a» — «») Va + x. 

Ana. dy = [J(a — 5a?) Va + ajrfo^ 

Va-a? ^ 2(a-aj)* 

28. y=^^. ^«..rfy= «*^ 



Va — a? (a — a?) \/a»^^' 



Jr 29. y=^«-V'a«-a;». 

(a;+ Vg*--a;»)efe 



iln^. e7y = 



2Va»-a;«(a;-Va«-aj«)* 



A . , (l+a;«— 4a;*)d!a; 
j( 30. y = x{l + a;») (1 -a;»)*. Ans. dy ~ — ^ _ t ' 

31. y = (1 + 2a;») (1 + 4fl;»). 

Ans. dy = 4fl;(l + 3a; + 10x^)dx. 

< 32. y = ; Am. dy = t==-. 

a?+ Vl-a» 2a;(l-a;«)+Vl-a;« 

38. y = (l+a?)V^^^ ^n^?. rfy= ^i";j^^ . 

..a;' ^ -T 3x*dx 
•4. y = . -Aim. rfy = -.. 
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^^' y = 4/2* - 1 - V2a; - 1 - -/aa; - 1 - etc., od »»/. 

Squaring, y » = 2a; - 1 - V3a5- 1- V3a;_i _.etc., a<? inf. 
Hence, y* = 2aj — 1 — y, or y* + y = 3a? — 1. 

Solving, y = - 1 =b V2a;-l+i = - i =b 1^8^=8. 



^ .1 4dir , 2diB . 

/. e?y = ± jr , = =1= , -(4n5. 

^ V8a;-3 VSa; - 3 



III. Differentiation of Transcendental Punotioistb. 

Definition of a Transcendental Function. 

14. A transcendental function is one in which the rela- 
tion between the function and its variable cannot be ex- 
pressed by the ordinary operations of algebra. 

Transcendental functions are divided into tliree classes : 
Logarithmic, in which the relation is expressed by loga- 
rithmic symbols ; Exponential, in which the variable enters 
an exponent; and Circular, in which the relation is ex- 
pressed by means of trigonometric symbols. Thus, 

y = log {ax^ + 5), is a logarithmic function, 

y = [ax^ -f c)^*~^ is an exponential function, 
and y = sin*a; — 2tana;, is a trigonometric function. 
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Differential of a XiOgarithm. 
15. It is shown in Algebra that 

log (1 + y) = m(j,-^-^ + L'_^ + etc) . . . . (1) 

In which Jf is the modnlns of the system and y any quan- 
tity whatever. 

ds 
Substitute for y the quantity — , s being a function of «, 

and we have, after reduction, 

But the logarithm of a quotient, is equal to the logarithm 
of the dividend, diminished by the logarithm of the divi- 
sor ; changing the form of the first member and suppress- 
ing all the terms in the second member, after the first, 
(Art. 6), we have, 

log {s + ds) - log s = ilf - (3) 

s 

But the first member is the difference between two con- 
secutive values of log s; it is therefore the differential of 
the logarithm of s ; hence, 

d^ 
d([ogs) = Mj (4) 

That is, the differential of the logarithm of a quantity is 
equal to the modulus into the differential of the quantity, 
divided by the quantity. 
In analysis, Napierian logaiithms are almost always used. 
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Denoting the Napierian logarithm by I, and remembering 
that the modulus of this system is 1, we have, 

d{ls) = j (5) 

The base of the Napierian system is represented by the 
letter e, and its logarithm in that system is equal to 1. 

-^p^C Dififerential of an Ezponential Function. 

16. Let a be a constant quantity, 8 any fanction of x, 
and assume 

y = «* (1) 

Taking the logarithms of both members of (1), we have, ^^^^ 

ly = 8la (2) 

Differentiating (2), we have, 

^ = laxds (3) 

Replacing y by its value, and reducing, we have, 

d(a^) = a'lads (4) 

Heuce, to differentiate a quantity formed by raising a con- 
stant quantity to a power denoted by a variable exponent, 
multiply the quantity by the logarithm of the root and the 
differential of the exponent. 
Again, let us have, 

y^f (1) 

in which both t and s are functions of x. Taking th© • 
logarithm of both members, we have, 

ly=slt (2) 
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Whence, by diflferentiating both members, 

^^Uds + B^ (3) 

Beplacing y by its yalne, clearing of fractions and reducing, 
we haye, 

d{iff) = fUd8 + 8^"'^dt (4) 

That is, to differentiate a quantity formed by raising a 
variable quantity to a power whose exponent is yariable, 
differentiate first as though the root ahne were variable, 
then as though the exponent alone were variable, and take 
the sum of the results. 

EXAMPLES. 

(a "I" x\ 
) = l{a + x) — Z(a — a;); 

, d(a + x) d(a — a) dx , dx 
\ dy = \ . / ^- •— = . + 



a •\- X a — X a •{- X a -^x 

2adx 



a* — «* 



. Ans. 



2.I^ty=lA/\^^ll{l+x)--ll{l--x); 



2' 



y 1 dx 1 dx dx J 

Sb Let y = {ay ; /. ly «= e^lu, and — = lae^Udx. 

But, le = ly /. dy = {ay (f^ladx. Ans. 
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4. Let y = l{lx) = Pz., j 7 ~ iy <k * CK J *• '^ , 

By the rule, dy = ^^ = ^ ^M V 



5. y = 2; Z(a + «). -4n«. dy = l{a + z)dx + 



6. y = l{a + »)• = 2Z(a + x). Ana. dy = 



a-^rx 
%dx 



y 7. y = e*(« — 1). -4n«. rfv = 6^a;e2a^ 

. 8. y = e*(a;« - 2a? + 2). -4n«. dy = e*a?«diB. 

9. V = ^» -4w«. ay = oo:; 

^ 10. y = «*&. .4««. <?y = «f I te + "^idx. 

11. y = ?(« + a + V2aa5 + «*). -4n«. dy = 



'V/2aa: + «• 



io «"" .1 ^ a?^da; 

12. y = q— ; . -4^5. ay = /=-- rr. 

^ 1 + a ^ (1 + «)• 

• - - a; . ^ dx dx 

13. y = / . -4ns. ay = , 

15. y = a?^* -4^5. dy = flf^(te + l)diiSi 

16. y « a^. ^W5. dy=:a^la x^^dx. 
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Di£ferentialM of Oircular Fimotioiif. 

17. Assume the equation^ 

y = sinrc (1) 

Oiying to x the increment dxy and deyeloping^ we 
haye, 

y + ^ = sui(3J + ^) 

= 8ma;cos(&; + coso; sindx • • • • (2) 

Because the arc dx is infinitely small, its cosine is equal 
to 1, and its sine is equal to the arc itself. Hence^ 

y -^ dy = sina; + coaosdx (3) 

t y ■ *» : , ^ . • - 

Subtracting (1) from (3), and replacing y by its yalue, 
we haye, 

d^smx) = cosa;da; (a) 

Equation (a) is true for all yalues of a?; we may there- 
fore replace x by (90® — x) ; this giyes, 

c?[8in(90® - x)] = cos(90® - a;)(f(90® - «) (4) 

. Reducing, we haye, 

d(co8x) = — Binxdx (J) 

We haye, from trigonometry, the relation, 

tana? = (5) 

cosa; ^ ' ^ 

Differentiating both members, we haye, 

-,. . cosa^cf (sina;) — sina:cr(co«c) 

*<**^> = — ' — ZS^ ' 
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Performing indicated operations, and redndng by the 
relation, sin*a: + cos'a; = 1, we have, 

(^(tana;) = — r- • , • • • (c) 

Beplacing x, in formula (c)^ by (90° — x) and redudng^ 
we have, ^ 

We haye, from trigonometry, 

ver-sina; = 1 — cosa; (6) 

co-versina: = 1 — sina: (7) 

Diflferentiating (6) and (7), we have, 

c?(ver-sina;) = sina^eZa; (e) 

(^(co-versina;) = — cosa^ (/) 

We have, from trigonometry, 

seca; = (8) 

cosa; ^ ' 

• coseca; = -, — (9) 

Differentiating (8) and (9), we have, after reduction, 

<Z(seca?) = tanajsecajefo {g) 

(^(coseca;) = — cota; coseca?<fe (A) 

The lettered formulas, from (a) to (A) inclusive, are 
sufficient for the differentiation of any direct circular 
function. 
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EXAMPLES. 

L Let y = sinmo^ 

dy == Qowi;xd{mz) = m coBmx . das. 

2. Let y = sin^a. 

r^ dy = m fiin^^^a? dsina? = m sin^"" a; cosa? dx. 

3. Let y = exD2xcoBx. 

dy = ((7sin2a;)(cosa;) + {dQ08x){aiD.2x) 

= 2cos2rr coso; cfrr — sin2a; sina; (fo^i 

4* Let V = Z(8in*a;) = 21 smx. 

- ^cfeina: 2cosa; , o t ^ 
dy =^2 —-. — = — ; — dx = 2cota;aa:. 

6. Let y = ^(^3^)* = ¥0- + coax) - i?(l - cosa;). 

, _ 1 emxdx 1 sinrcefo: _ sinxdx _ t?a: 
^ "" "" 2 1+cosiB 2 1 — cosa; ~" 1— cos*a; "" sina:* 

6. Let ^ = 6?^ cosa;. 

dy = 6f*'c?(cosa;) + cosaj<Z(fl^) = ^{go9x — sina:) dx. 

7. y = rsina; + cos aj. Ans, dy = XGo^xdx. 
' 7B. y = 2a:sina; + (2 — a;*)cosa;. Ans, dy =. a;^8ina;c?a;. 

Vo. y = tana; — x, Ans. dy = ifm^xdx, 

-f<iO. y = e^^^sina:. Ans. dy = e^^(cosa; - sm^x)dx. 

-^IL y = 2^(sina;) + coseca;. Ans. dy = ( 2cota; -. — \dx, 
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12. y = l{cosx + V— 1 Binjc). Am, dy = V— Icfc 



13 



1 4- sina;\« . ^ dx 



,/l 4- sma;\« . , 

. v = ?( q : — ) Am. dy = 

^ Vl — sina;/ ^ 



14. y = Z[tan(45'' + iaj)]. -4iw. dy = 



cosx 
cosa;* 



15. y = sin(Za;). -4w«. <^ = - cos(Za;)da?. 



:b 



DififerentlaU of Inverse Oiroolar FnnotionB. 

m 

18. It is often convenient to regard an arc as a function 
of one of its trigonometrical lines. Such functions are 
called inverse circular functions, and are expressed by 
such symbols as the following: 

sin~V> cos~ y> tan"" y>®tc., 

which are read the arc whose sine is y, the arc whose cosine 
is y, the arc whose tangent is y, etc. 

Formulas for the differentiation of inverse circular func- 
tions may be deduced from the lettered formulas of the last 
article. Thus, from formula (a), we find, 



dx = ^^^:^ (1) 



C0S2; 
If we make sma: = y, we have, 

X = mi y, and cosa; = Vl — Jf*. 
Substituting these in (1), we have, 
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In like manner^ from formula {b), we find, 



ds»=-^(£2E) (2) 



Bina; 
Making coso; = y, we haye, 

z = cos"* y, and sina? = VI — y* ; 
Subsiitating these in (2)^ we haye^ 

d(0OB-^y) = - -M= (J») 

VI— y* 

By a similar coarse of reasoning we find &om the re* 
maining lettered formnlas of Art 17, the corresponding 
formulas lor inverse circular functions, as given below: 

rf(tan-V) =T+p (''•) 

d(cot-^y) = - j-^ (dt) 

rf(versin-V)= ^3^^, («0 

1 ^V 
drcover8m~^v) = — / (/*) 

/ 

.-hA ±— (_y.) 



rf(sec~^y) = — -p -- — - 

^ yVy* - 1 



^0OBec-V)=-^^=. ..(A«) 

2» 
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EXAHPLES. 

T 

L Let y = cos""^a?Vl — «« = cos" ^^/z* — «•• 

and Vl - (a?« - a*) = Vl — «•+»*. 



V(l - »«) (1 - «« + a?*) 



Nt rt T^X .. ^•^— 1 ^ 



^2. Let y = sin' 






^-^(-vm^^\/^-iTT> 



\ ♦ 






3. Let y = sin~l2a;\/l — a;«. 






2<fo 



5. y = Sin \— - — =. Ana. rfy = -^ q— ; — •• 
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6. y = Va* —x*+ ffsin"" — . Ans. dy = | 1 dx. 

a ^ \a + x/ 



^ 1 . — iSa; A J dx 

4- 7. y =z — versin -^. Ans, dy = 



8. y ="860"" -20?. Ans. dy = — ; 

a?V4iB« — ] 



IV. Successive Differentiation and Development 

OF Functions. 

Sacoessive Differentials. 

19. The differential obtained immediately from the func- 
tion is the first differential of the functio7i ; the differential 
of the first differential is the second differential of the func- 
tion ; the differential of the second differential is the third 
differential of the function, and so on ; differentials thus 
obtained are called successive differentials, and the opera- 
tion of obtaining them is called successive differentiation. 
If a function be denoted by y, its successive differentials 
will be denoted by the sjmibols dy, d^y, d^y, etc. Thus, 
if y = ax^, we have, by successive differentiation, dx be- 
ing constant, dy = dax^dx, d^y = 6axdx^, d^y = 6adx^, 

d^y = 0. 

Saccessive Differential Coefficients 

20. If the differential of a function be divided by the 
differential of the variable, the quotient is the first diff'er- 
ential coefficient of the function ; the differential coefficient 
of the first differential coefficient is the second differential 
coefficient of the function, and so on. Differential coeffi- 
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cients, derived Id this manner, are called successive differ^ 
eiitial coefficients. If a function of x be denoted by y, 
its snccessiye differential coefficients are denoted by the 

symbols, y^, -r-^, ^-^, etc. Thus, if we have, as before, 

V = ax^, we have, from the principles just explained, 

^-Q^a... ^-Cfla;. ^-6«- ^^0 

It is to be observed that the successive diflferential 
coefficients are entirely independent of the diflferential of 
the variable ; so long therefore as this is infinitesimal, the 
diflferential coefficients will in no way be aflfected by any 
change in its absolute value. 

EXAMPLES. 

Find the successive diflferential coefficients of the follow- 
ing functions : 

1. y = ax\ 



d^y 
dx^ 



= n{n - l)(7i - %)ax^-'^ ; etc 



If ?i is a positive whole number, there will be a finite 
number of successive diflferential coefficients; otherwise 
their number is infinite. 

2. y = ax^ + Sa;2. 
Ans. -£■ = dax^ + 2bx; j^= 6aa? + 25; 
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3. y=:a*. 

0="'<'')" 

4. y = Bino;. 

^fw. ^ = cosaj; -r4- = — sin « : 

6. y = Z(a? + 1). 






MoLanrin's Formula. 



21. McLaurin's formula, is a formula for developing a 
function of one variable into a series arranged according 
to the ascending powers of that variable, the coefficients 
being constant. Let y be any function of x, and assume 
the development, 

y = A + Bx+Qc* + Dx^ + -E»* + etc (1) 
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It is required to find such values for A^ B, C, etc., as will 
make the assumed development true for all values of x. 
DiflTerentiating, and finding the successive differential co- 
efficients of y, we have, 

^ = B + 2Cx + Wx" + U!q? -h etc. . . . (2) 
ax ^ ' 

^ = 1.2C + h%Wx + 3.4^^ + etc. ... (3) 

^ = 1.2.3Z> + 1.2.dAEx + etc (4) 

etc., etc., etc. 

But, by hypothesis, the value of y, and consequently the 
values of its successive diflferential coefficients, are to be 
tnie for all values of x; hence, they must be so for « = 0. 
Making a; = 0, in equations (1), (2), (3), etc., and denoting 
what y becomes under that hypothesis by (y); what 

% becomeB by (|) ; what g becomes by (g), and 60 

on; we hare, 

(y) =A; .:A = (f/)', 

etc., etc., etc 
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Substituting these values in (1), we have, 

which is the formula required. Hence, to develop a 
function of one variable in terms of that variable, find its 
successive differential coefficients ; then make the variable 
equal to in the function and its successive differential 

coefficients, and substitute the results for (y), ( ^)i ( 7FI )> 

etc., in formula (5). 

Thus, let it be required to develop sino; into a series 
arranged with reference to x. We have, 

ft 

y =sina:, .-. (y) = 



-r- = cosa;, 
ax 



• \dxJ- 



t 

dx* '^^' '■ \dx»J- ^ 

I 

etc, etc., etc. 

Hence, 

I 

In like manner we find, 

It is to be observed that (7) may be found from (G) by 
differentiating and then dividing by dx. 
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McLaurin's Formula enables us to develop any function 
of one variable when it can be developed in accordance 
with the assumed law. But there are functions which 
cannot be developed according to the ascending powers of 
thie variable; in this case the function, or some of its suc- 
cessive differential coefficients, become oo, when the variable 
is made equal to 0. 

As a general rule, when the application of a formula 
gives an infinite result, the formula is inapplicable in that 
particular case. 

EXAMPLES. 
1. 7/={a + X)"". 

. n , n n— 1 . w (n — 1) n— 2 • 

2. y = Z(l + a?). 

. x^ x^ x^ «■ ., 

Am. 2/ = «-2"'^3"""r'^r" 

3. 2/ = a*. 

An8.y^\-\- 1 ^+ 1.2 "^ ^ 1.2.3"^ ^1.2.3.^+^*^ 

4. y = Vl + a* = (1 + x^)^. 

Make a?* = «, and develcp ; then replace z by its valueu 

. ^ x^ x^ x^ bx^ . . 

Ans. v-=lH 1 + etc 

^ ^2 8 ^ 16 128 ^ 
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5. y = e^. 

- - a?* 3a;* 8aj* 

^"^^ 8'=^ + ^ + F" 1:2:3:4 -"12:3X6 



3a;« 

+ etc. 



f 



1.2.3.4.5.6 
6. y = iw»+^-l. 

^"'•^=^ + 1:2 + 1^3 + 1:2:31 + **^ 

Taylor's Formula. 

22. Taylor's Formula is a formula for developing a 
function of the sum of two rariables into a series arranged 
according to the ascending powers of one, with coeflScients 
that are functions of the other. 

LEMMA. 

Uu' =/(aj + y), the differential coefficient of u' will be 
the same, whether we suppose x to remain constant and y 
to vary, or y to remain constant and x to vary, for the 
form of the function is the salne, whichever we suppose to 
vary ; and it has been shown, in Art. 20, that the value of 
the differential coefficient is independent of the value of 
the differential of the variable. Hence, if a; + y be in- 
creased either by dx or by c?y, and the differential coeffi- 
cient taken, the result will be the same, which was to be 
shown. 

Let u' be a function of (x + y), and assume the devel- 
opment, 

u'^P+Qx-^-Ex* -{- Sx^ + Tx^ + etc (1) 

in which P, Q, iJ, etc., are functions of y. It is required 
to find such values of P, Q, H, etc., as will make equation 
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(1) true for all values of both x and y. Since the assumed 
deyelopment is to be true for all values of x and y, it must 
be so for a; = 0. Making a; = in (1), and denoting what 
w' becomes under this hypothesis, by u, we find, 

P = w. 

That is, P is what the original function becomes, when 
the leading variable is made equal to 0. 

Finding the differential coefficient of t^', under the sup- 
position that X is constant and y variable, we have, 

f^ = |?+^+4«,,+f,,^.ete (2) 

dy dy dy dy dy ^ ' 

Again, finding the differential coefficient of u\ on the 
supposition that y is constant and x variable, we have, 

^ = ^ + 2i?ic + ZSx^ + f 7^3 + etc (3) 

But, the first members of (2) and (3) are equal, by the 
lemma; hence their second members are fiilso equal. If 
we place them equal we have an identical equation, because 
it is true for all values of x\ and consequently the coeffi- 
cients of the like powers of x in the two members are 
equal to each other. Placing their coefficients equal, we 
have the following results : 

dy \,%dy^- 

dy 1.2.3 f?y»* 

etc., etc., etc. 



DETELOPHENT OF FUKCTIONB. 43 

Substituting the values of P, Q, R, 8, etc, in (1), we 
have, 

, du X , d*u x^ . d^u X* 



dy'l ^ dy* ' IJl ^ dy^ * 1.2.3 
d^u a* 



dy^ ' 1.2.3.4 



+ etc (4) 



which is the required formula. Hence, to develop any 
function of the sum of two variables, we make the leading 
Yariable equal to 0, and find the successive differential 
coefficients of the result; then substitute them in the 
formula. 

Thus, let it be required to develop {x 4- y)^ into a 
series arranged according to the ascending powers of y. 
Making y = 0, wc have, 



dx 



= nx' , 



dx^ 



= n{n — l)a;^"^. 



1^ = n(» - 1) (« - 3)a?-8 
eta, etc., etc. 

Snbstitating these in (4), we have, 
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This is the binomial formala^ in which n is any 
constant. 

The formula is applicable to erery function of the sum 
of two variables; but it sometimes happens that certain 
values of the variable entering the coefficients make the 
first term or some of its successive differential coefficients 
infinite ; for these particular values, the function cannot 
be expressed by a series of the proposed form. 

EXAMPLES. 

Develop the following functions in terms of y. 

4(^ 1. u'^=: Bm{x + y). 

Making y = 0, we have, u = sina;; 

du d^u . . 

.*. J- = cosa;; -r-g = — sma;; eta; 

1 f . y . V* y* 

hence, u = sma; + cosa;f- — smaj ^ — cos«z%-o 

Making aj = 0, whence sina; = 0, and cosaj == + 1, we have, 
u' = siny = y — —^ + 1234:6 "*" ^^^'' ^® ^^^J shown. 
- 2. w' = l{x +y). 

^«..«' = fa + |-g5+£,-^ + eto. 

- 3. u' = a'+K 

Am. u' = o»'(l + ila)y + ^^y> + g^» + etc.). 



IMPLICIT FnncnoKB. 
■• 4i tt' = C0B(a: + y). 
Ant. u' = C08Z — Bin: 



"iJ 






y* 



V. DupBKBiiTiATioir OP Fdwctions OP TWO Yabiables, 

AND OP Implicit Fuitctions. 

a«om«trlcal RspraaMitatlon of a PMmcUon of two Variablaa. 

23. It may be shown, as in Art. 3, that every fTinction 
of two TariableB represents the ordinate of a sarfaoe of 
which those rariables are the correBpondiog abscissas. If 
the vertical ordinate be taken as the fuoction, it may be 
expressed by the equatiou, 

.=/(«, J). ^...(1) 

In this eqnation, x and y are independent variables, and 
each may vary precisely as though the other were consUint 
To iUnstrate, let PQB 
be the surface whose 
eqnation is (1). 

If, for a given value 
of y as OB, we suppose 
X to vary, equation (1) 
will represent a section 
of the surface parallel 
to the plane xz and at 
the distance 03 from 
it If for a given value 
of Xf as OA, we sup- ^jg_3_ 

pcAe # to vary, equa- 
tion (1) will represent a section parallel to the plane yt 
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and at the distance OA from it. These sections will be 
called parallel sections^ and the corresponding planes will 
be called planes of parallel section. The planes AGO 
and BJEF determine the ordinate KK' = z. Let A CD, 
A' CD', be consecutive planes of parallel section, at a dis- 
tance from each other equal to dx, and BEF, B'E'F*, also 
consecutive planes of parallel section, at a distance firom 
each other equal to dy. These planes determine four 
ordinates KK', LL', NW, and MM', which may be de- 
noted by the symbols z,_z', z", and z'". Of these, % and il 
are consecutive when x alone varies, z and «" are consecu- 
tive when y alone varies, and z and ii" are consecutive when 
both X and y vary. 

Differentials of a Function of two Variables. 

24. The difference between two consecutive states of the 
function when x alone varies is called the partial differ- 
ential with respect to x, and is denoted by the symbol 
(dz)^ ; the difference between two consecutive states when 

y alone varies is called the partial differential with respect 
to y, and is denoted by the symbol {dz) ; the difference 

between two consecutive states when both x and y vary is 
called the total differential, and is denoted by the ordinary 
symbol, dz without a subscript letter. Let us assun^e the 
figure and notation of Art. 23. We have, from the defini- 
tion, 

2j' = 2; + {dz)^ ; whence, by differentiation, 

{dz')y = {dz\ + {dH)^^ y^ (2) 

The symbol {d'^z)^ indicates the result obtained by dif- 
ferentiating z as though x were the only variable, and then 
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differentiating that result as though y were the only varia- 
ble, the order of the subscript letters indicating the order 
of differentiation. From what precedes, we also have, 

substituting for z* and {dii)^ their values taken from (2), 
we have, 

transposmg z to the first member, replacing zl" — « by its 
value dz^ and neglecting the part {d^z)^ , because it is an 

infinitesimal of the second order, we have, finally, 

dz={dz)^^-(dz)y (3) 

Hence, tlie total differential is equal to the sum of the par* 
tial differentials. 

EXAMPLES. 

1. z = ax* + by^. 

{dz)^ = "itazdx'y {dz) = 3by*dy /. dz = 2axdx + Sby^dy. 

2. z = ax*y^. Ans. dz = 2ay^xdx + dax^y^dy. 

3. z = of^. Ans. dz = ya^ dx + a^lxdy. 

Notation employed to designate Partial Differential 

OoefQcientfl. 

25. From the nature of the case, there can be no such 
thing as a differential coeflBcient of a function of two va- 
riables; but the quotient of a partial differential by the 
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differential of the corresponding variable, is called a par- 
tial differential coefficient. The form of the symbol indi- 
cates the variable with reference to which the function has 
been differentiated, and no subscript letter is required* 
Thus, in Example 2, Art. 24, we have, 

^ = 2ay^x, and j- = 3a»«y«. 

A similar notation is employed for partial differential 
coefficients of a higher order, as will be seen in the follow- 
ing article. 

Successive Differentiation of Functions of two Variables. 

26. The second differential of a function of two varia- 
bles is found by differentiating the first differential by the 
rules already given. The third differential comes from the 
second in the same manner that the second comes from 
the first, and so on. In finding the higher partial differen- 
tials, the result obtained by differentiating the function 
first with respect to x, and that result with respect to y, is 
the same as though we had differentiated the function first 
with respect to y, and the result with respect to x. For, 
from Art. 24, we have, 

z'" = ^' + (d^')j, = z + {dz)^ + {dz)^ + {dH)^^: 
And in like manner, we have, 

2'" = 2" + (d^% = Z + (dz)^ + {dz\ + {d*z)^^ ^ 

Equating these values of z'"y and reducing, we find. 
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which was to be shown. From equation (4), by an exten- 
sion of the notation in Art. 25, we have, 

d'z _ a*z \axj _ yay/ .,. 

dxdy ~ dydaa dy ~ dx ^ ' 

From what precedes, we hare, 



EXAMPLES. 

1. Given, z = «'y*, to find d^z. 

(dH)yy^^Zx^dyy 
.\ d^z = 6y^xdx* + V^x^ydxdy + 2a;3dy«. 



2. Giyen, a? = y*a;t, to find d'^z. 



Am. dH = jy«a:i&j« + 2^-^y«ajtJrfy(fe + 6«tyc^J 
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Sztension to three or more Variables* 

27. If we have a function of three or more independent 
variables, we may find its diflferential by diflferentiating 
separately with respect to each variable, and taking the 
sum of the partial diflferentials thus obtained. The second 
and higher differentials are found in an entirely analogous 
manner. 

Definition of Szplicit and Implicit Fimctiona. 

28. An explicit function, is one in which the value- of 
the function is directly expressed in terms of the variable. 

Thus, y = ^/2rx — a;^, is an explicit function. An implicit 
function, is one in which the value of the function ife 
not directly given in terms of the variable. Thus, in the 
equation, 

ay^ + hxy •\- cx^ + d = 0', 

y is an implicit function of x. Implicit functions are 
generally connected with their variables by one or more 
equations. When these equations are solved the implicit 
function becomes explicit. 

Differentials of Implicit Functions. 

29. The differential of an implicit function may be 
found without first finding the function itself. For, if 
we differentiate both members of the first equation, we 
shall thus find a new equation, which, with the given one, 
will enable us to find either the differential, or the differ- 
ential coefficient of the function. For example, suppose 
we have the equation, 

2/« + 2a;y + a;« — a« n= . . . . (1) 
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to find the differential coefficient of y. Differentiating 
(1), and dividing by 2, we haye, 

ydy + xdy + ydx + xdx = (8) 

Finding the value of ^ we have, 

^ = -1. 
dx 

Again, let as have the relation, 

xy — m (1) 

to find the valne of ^. Differentiating (1), we hsTi^ 

<x^y + ydx = (2) 

Whence, 

dx" X ^^^ 



Bnt from (1), we have, 



y_fn 



Snbstitnting in (3), we find, 



dx" X* ^^^ 



EXAMPLES. 



Find the first; a^a second differential coefficients of y 
in the following implicit functions : 
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1. y8 — 3y + a? = 0. 
We have, 

also, 

6yrfy» + 3y»d«y - 3d«y= 0, 

8. y« - 2m^ + a?« — a = 0. 

4«,. |Sf = 23Ll_; and l^l = ?^il^,. 
<fo y — war or* (y — iwc)' 



PABT II. 

APPLICATIONS OF THE DIFFEEENTIAL 

CALCULUS. 



L TAisroEiirTS and Asthftoies. 

Oeometrlcal Representation of the First Differential 

OoefiBoient, 

30. It has been shown (Art. 3), that any function of 
one rariable maybe represented by the ordinate of a curre, 
of which that variable is the cor- 
responding abscissa. We have also 
seen (Art. 5), that an element of 
the curve, PQy does not differ from 
a straight line. This line, prolonged 
toward T, is tangent to the curve 
at P. The angle that the tangent 
makes with the axis of X is equal 
to RPQ ; denoting it by &, and 
remembering that the tangent of the angle at the base 
of a right angled triangle is equal to the perpendicular 
divided by the base, we have, 

tan d = ^. 
ax 

The tangent of ^ is taken as the measure of the slopey 
not only of the tangent, but also of the curve at the point 
P. Hence, the slope of a curves at any point, is measured 




Fig. 8. 
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by the first differential coefficient of the ordinate tU thai 
poi7it. 

The slope is positive or negatiye, that is, the curve slopes 
upward or downward, accordiug as the first difEerential 
coefficient is plus, or minus. 

Applioations. 

31. The principle just demonstrated enables ns to find 
the point of a curve, at which the tangent makes a given 
angle with the axis of x. 

Thus, let it be required to find the point on a given 
parabola at which the tangent makes an angle of 45® with 
the axis. Assume the equation of the parabola, 

Placing this equal to 1, we have, 

P -I 

J = l,ory = p. 

But y =i?, is the ordinate through the focus. Hence^ the 
required point is at the upper extremity of the ordinate 
through the focus. 

Again, let it be required to find the point at which a tan- 
gent to the ellipse is parallel to the axis of x. Assume the 
equation. 

Placing this equal to 0, we have, 
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which can only be satisfied by making a; = ; this, in the 
equation of the curve, gives y = ± J. Hence, the tangent 
at either vertex of the conjugate axis fulfills the given 
condition. 

Again, to find where the tangent to an hyperbola is per- 
pendicular to the axis; assume the equation of the curve, 

?!-y' = i (1) 

whence, by the rule, 

dx a^y ^ 

Hence, the tangent at either extremity of the transverse 
axis, fulfills the given condition. 



Bquations of the Tangent and Normal. 

32. Let P be a point of the curve whose co-ordinates are 
x"yy"\ then will the equation of a straight line through 
it, be of the form, 

y-y" = a{x-x") . . . . (1) 

in which a is the slope. If we make a equal the tangent 

of RPQy the line will be tangent to the curve. But the 

dii" 
tangent oi RPQ is -p^r? hence, we have, for the equation 

of a tangent line, 

y - f =^{x - z") (2) 

If we make a equal to mimis the reciprocal of the tan- 
gent of RPQ, the line will be perpendicular to the tangent, 
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that IB, it will be normal to the curve; hence, we have, for 
the equation of a normal line, 

y-y" = -^.(x-^') (3) 

In these equations x and y are general co-ordinates of 
the lines, and x", y" are the co-ordinates of the point of 
contact. 

Let it be required to find the equation of a tangent to 

an ellipse. We found, in the last article, the value of 

t?z/ h^x 

-^ = 5- ; substituting for x and y the particular values 

a;" and y", and putting the result in (2), we find, 

h^x'^ 

whence, by reduction, 

yy" axe" , ,,. 

Making a = J, in this equation, we have, 

yy" + xxf' = a*, 

which is the equation of a tangent to a circle. 

To find the equation of a normal to an ellipse we substi* 

dx" 
tute the value of-r^y in equation (3), which gives, 

ay 

y-y" = "^M-^-') (6) 

Mak'ng a = J, we have, 

y-y"= fJI(^ - ^'), 

which is the equation of a normal to a circle. 
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If, in equation (2), we make y = 0, the corresponding 
value of rr — a;" will express the length of the subtangent, 
counted from the foot of the ordinate through the point 
of contact ; denoting this by 8,T., we have, 

^•^=-y"^' (6) 

If, in equation (3), we make y = 0, the corresponding 
value of a; — x" will express the length of the subnormal, 
counted from the foot of the ordinate through the point 
of contact; denoting this by 8.N., we have, 

^•^= y'w- <^> 

dy" 
Substituting in (6) and (7) the values of -^ taken from 

the equation of the ellipse, we have. 






A83rinptote8. 

33. An asymptote to a curve, is a line that continually 
approaches the curve and becomes tangent to it at an 
infinite distance. The characteristics of an asymptote 
are, that it is tangent to the curve at a point tliat is infi- 
nitely distant, and that it cuts one or both axes at a finite 
distance from the origin. 

To ascertain whether a curve has an asymptote, assume 

the equation of the tangent (Art. 32), and in it make 

X, and y, successively equal to 0. 

8* 
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In this manner we find, 

-.„ and 



AB = y" - x" ^ 



dai 



.dx" 



AT=x"-y"^ (1) 



We then find 



dx" 



from the 




equation of the curve, substi- 
tute it in (1) and make the hypothesis that places the 
point {x"y j/') at an infinite distance. If this supposition 
make either AD ov AT finite, the curve has an asymptote, 
otherwise not. 
Let it be required to find whether the hyperbola has an 

asymptote. We have found (Art 31), -^, = -jp-,,, which 

in (1) gives. 



h^x"^ 



8 4/// 8 



Whence, by reduction. 



AD=: 



_ a^y" 



2 



2 



a^y" 



'"'",. n^ AT Jy'--'^' 



h^x" 



(3) 



or. 



AD = ~, and AT=% 
y X 



(4) 



The only hypothesis that places a point of the hyperbola 
at an infinite distance is y" = =fc oo , and aj'' = db oo ; both 
these sets of values, in (4), make AD and AT equal to 0. 
Hence, the hyperbola has two asymptotes, both passing 
through the centre. 
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To find whether the parabola has an asymptote, make 
^ = ^ in (1), whence, 



.// i«/^" 



AD = y" -^ =-^, and AT= -x". 

If we make y" = oo , and aj" = oo , to put the point of 
contact at an infinite distance, we find both AD and A T 
equal to oo , which shows that the parabola has no asymp- 
tote. 

Order of Contact. 

34. Two lines have a contact of the first order, when 
they have two consecutive points in common. The first of 
these is the point of contact; this point is common to botli 
lines, and, as we have just seen, the first differcntiul coef- 
ficients of the ordinates of the two linos at tliis j»()int are 
equal. Conversely, if two lines have a coniimoii point, and 
if the first differential coefficients of the ordinates (jf the 
lines at that point are equal, the lines have a contact of the 
first order. 

Two lines have a contact of the second order, when tlicv 
have three consecutive points in common. The first of 
the three is the point of co7itact, emd because the lines have 
three consecutives ordinates common, the first and second 
differential coefficients of their ordinates at this point are 
equal. Conversely, if two lines have a common point, and 
the first and second differential coefficients of their ordi- 
nates at that point equal, the lines have a contact of the 
second order. 

In like manner it may be shown, if two lines have a 
point in common,- and 7i successive differential coefficients 
of their ordinates at that point equal, that the lines have 
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a contact of the n^ order, n being any positire whole 
number. 

If a line be applied so as to cut a given line in an even 
number of pointSy it will, just before the first, and just 
after the last, lie on the same side of the given line ; and 
this is true when the points of secancy are consecutive, in 
which case the lines have a contact of an odd order. 
Hence, if two lines have a contact of an odd order, they do 
not intersect at the point of contact. If the applied line cut 
the given line in . an odd number of points^ it will, just 
before the first, and just after the last, lie on opposite sides 
of the given line; and this is also true when the points of 
secancy are consecutive ; hence, if two lines have a contact 
of an even order, they intersect at the point of contact. 

If the applied line be straight, and the contact of the 
n^^ order, the given curve will have n consecutive values 
of dy, equal to each other. If each of these be taken from 
the next in order, the differences will be 0, that is, the 
curve will have n — 1 consecutive values of d^y equal to 
0. In like manner, we may show that it has n — % consec- 
utive values of d^y equal to 0, and so on, to the {n + 1)^^ 
differential of y, which will not be 0, but will be plus or 
minus, according as the {n 4- 1)**" value of dy, counting 
from the point of contact, is greater or less than the 71^^. 
value of dy. Conversely, if the {n + 1)*^ differential of y 
is plus, the {n + 1)*^ value of dy is greater than the n^\ 
if minus the {n + 1)'^ value of dy is less than the n^. 

11. Curvature. 

Direction of Curvature. 

35. Let KL be a curve, whose concavity is turned 
downward, that is, in the direction of negative ordi- 
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ABC 



ABC 



Fig. 6. 



nates ; let AP^ BQy and CQ' be consecutive ordinates, AB 
and BG being equal to dx; prolong PQ toward T. Then 
will RQ^ and R'Q'i be consecutive values of dy, and con- 
sequently their difference, R'Q' ^ RQy will be the value of 
d^y at P. The right angled triangles, PRQ, and QR'S, 
have their bases, and the angles at their bases, equal ; hence, 
their altitudes, RQ, 
and RSy are equal ; 
but R'Q' is less than 
R'Sy because Q' is 
nearer — oo than 8; 
hence, R'Q' is less 
than RQy and con- 
sequently the value 
of d^y is negative. 
Conversely, if d^y 
is negative, R'Q' is 
less than R'S, and the curve in passing from P is concave 
downward. In like manner, it may be shown that the 
curve is concave uptvard at P, when d^y is positive. Be- 
cause the sign of the second differential coeflScient is the 
same as that of the second differential, we have the follow- 
ing rule for determining the direction of curvature, in 
passing from any point toward the right : 

Find the second differential coefficient of the ordinate at 
the point ; if this is negative, the curve is concave dow7i' 
tvard, if positive, it is concave upioard. 

We may regard y as the independent variable, and find 
the second differential coefficient of a;; if this be negative 
at any point, the concavity is turned toward the left, if 
positive, toward the right. 

Example. — Let it be required to determine the direction 
of curvature at any point of a parabola. 
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Assume the equation, y^ = 2pxj whence, by differentia- 
tion and reduction, 

* 

dx* — y3' ^y2 "^ p' 

The first of these is negative for positive values of y, and 
positive for negative values of y ; hence, the part of the 
curve above the axis of X is concave downward, and the 
part below is concave upward. The second is positive for 
all values of x and y ; hence, the curve is everywhere con- 
cave toward the right. 

If the tangent at F have a contact of the n^ order, n 
being greater than 1, the second differential coejQficient of 
y at that point will be (Art 34). In this case it may 
be shown, as above, that the curve bends downward in 
passing toward the right, when the (n + 1)'^ value of rfy, 
counting from P, is less than the n^^ value of dy, and up- 
ward when the {n -^-ly^ value of dy is greater than the n^. 
The former condition is satisfied when the (n + ly* differ- 
ential coefficient of y is negative, and the latter when it is 
positive (Art. 34). 

Amount of Ourvature. 

36. The change of direction of a curve in passing from 
an element to the one next in order, is the angle between 
the second element and the prolongation of the first This 
angle is called the angle of contingence, it is negative when 
the curve bends downward, and positive when it bends 
upward. The total change of direction in passing over any 
arc is equal to the algebraic sum of the angles of contin- 
gence at every point of that arc. 

The curvattire of a curve is the rate at which it changes 
direction. When the curvature is uniform, as in the 
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Circle, it is measured by the total change of direction in 
any arc, divided by the length of that arc. In any curve 
whatever the curvature may be regarded as uniform for 
an infinitely small arc; hence, the curvature at any point 
of a curve, is equal to the angle of contingence at that 
point, divided by the corresponding element of the curve. 
Denoting the angle of contingence by d6, the correspond- 
ing element by ds, and the curvature by c, we have, 



_'d6 
"" ds 



(1) 



OBcnlatory Oirole. 

S7. An osculatory circUy to a given curve, is a circle that 
has three consecutive points in common with that curve. 
Thus, if the circle whose centre is C, pass through the 
three consecutive points P, Q, and R, of the curve, KQ, it 
ifl osculatory to that curve at P. 

The circle and curve have two consecutive tangents, PT 
and QT, and 
two consecutive 
normals, P(7 and 
§(7, in common; 
they have also 
the angle of con- 
tingence at Q, in 
common ; hence, 
they have the 
same curvature 
at the point P. 
Because P C and 
QC are perpen- ^»«- ^• 

dicular to PT, and ^T', their included angle, is equal to 
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the angle of eontingence, dd; hence, PQ = CP X 0^9 or 
denoting PQ hj ds and CP by iZ, we have, ds = RdS, or, 

^=1 (1) 

ds R ^ ' 

This equation shows that the curvature of a curve at 
any point is equal to the reciprocal of the radius of the 
osculatory circle at that point; for this reason, the radius 
of the osculatory circle is called the radius of curvature. 



Radius of Ourvature. 

38, If we denote the inclination of the tangent, PTy to 
the axis of X by ^, the angle of eontingence, TQTy equal to 

PGQ, will be equal to e^ ; but we know that ^ = tan""^^; 
differentiating, we have, 

1 dy^~~ dy^ '\- dx^' 
'^ dx^ 

Finding the value of R from equation (1), Ari 37, and 
replacing ds by its value, from Art. 5, we have, 

B=(^i±^ 

dxd^y 

Dividing both terms of the second member by dx^^ and 
denoting the first differential coeflScient of y by q', and its 
second differential coefficient by q", we have. 
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When the curve bends downward, dA is negative, and 
consequently B is negative; when the curve bends upward, 
both 9xe positive. 

It is sometimes convenient to regard R^ or some other 
quantity on which R depends, as the independent variable. 
Id this case both dy and dx are variable, and we have. 



^ _ dxd^y — dyd^x ^ 
da;« + dy^ ' 



dy^ 
and this in (1), Art. 37, gives, 

^^ (cfa« + dy^)i 

dxd^y—dyd'^x ^ ' 

Example. — Eequired the value of R for the parabola. 
Assume the equation, y* = ^px. 

By differentiation and reduction, we have, 

dx-^ " y" '''''^ dx^ "'^ ""2^*' 
substituting these in (2), we have, 

\ y^J p^ p^ 

The value of R is least possible when y = 0, increases 
as y increases, and becomes oo when y = oo . Hence, the 
curvature of the parabola is greatest at the vertex, and 
diminishes as the curve recedes from the vertex. 



Oo-ordinates of the Centre of the Oscillatory Circle. 

39. In the right angled triangle, PHCy PH is perpen- 
dicular to EB^ and PC to EP ; hence, the angle, fiPC, is 
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equal to d. Denoting the abscissa, A C, by a, and the ordi- 
nate, BG^ by ^, we have, 

. (i = An-\- HC,2iJidi^ = BP-'nP (1) 

AH and BP are the co-ordinates of P, denoted by x and 
y; HP is equal to PCcos^, and HO to PCfeind; substi- 
tuting for PO, or jB, its value found in tho last article, re- 
membering that it is negative in the case under considera- 
tion, (Art. 38), replacing sin^, and cosd, by their yalnes 
taken from Art. 5, and reducing, we have. 



"-* d*y ' dx-"" \ f )^ 

_ dx* +dy* 1 + q'* 



(2) 



liOOUB of the Centre of Curvature. 

40. A line drawn through the centres of the osculatory 
circles at every point of a curve is called the evolute of that 
curve, and the given curve, with respect to its evolute, is 
called an involute. If we consider any radius of curvature 
of a curve, we see that it intersects the one that precedes 
and the one that follows it, and the distance between the 
points of intersection is an element of the evolute ; hence, 
the radius is normal to the involute, and tangent to the 
evolute. We also see that the difference between two con- 
secutive radii of curvature is equal to the corresponding 
element of the evolute; hence, the difference between any 
two radii of curvature of a given curve is equal to the cor- 
responding arc of the evolute. 

The evolute of a curve may be constructed by drawing 
normals to the curve, and then drawing a ci^ve tangent 
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to them all : the closer the normals^ the more accurate will 
be the construction. An involute may be constructed by 
wrapping a thread round the evolute, holding it tense, 
and then unwrapping it Every point of the thread de- 
scribes a curve^ which is an involute of the given evolute. 
Practically, the evolute is cut out of a board, or other solid 
material. In this manner the outlines of the teeth of 
wheels are sometimes marked out, the circle being taken 
as an evolute. 

Equation of the Svolute of a Onrve. 

41. The equation of the evolute of any curve may be 
found by combining the equation of the curve with form- 
ulas (2), Art. 39, and eliminating x and y. The method 
will be best illustrated by an example; thus, let it be re- 
quired to find the equation of the evolute of the common 
parabola. 

We have already found g' = ^,and §'"= --?- (Art. 38) ; 
substituting these in (2), Art. 39, we have, after reduction, 

a = a; 4- ^- = 3a; +^, .'. x = ^(a — jo); 

substituting the values of x and y in the equation y^ = 2px, 
we have, 

A*= f (« - p), ••• ^3*= 2^ (« -py' 

which is the equation required. It is the equation of a 
semi-cubic parabola. 



.* 
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EXAMPLES. 

1. Find the equation of the eyolute of an ellipse* 

\ 2, Find the equation of the evolute of an hyperbola. 

Ans. (ffla)* - (i/S)* = (a» + »•)* 

3. Find the radius of cnrratnre of an ellipse. 

^^- p - ^454 

4. Find the radius of curvature of an equilateral hyper- 
bola referred to its asymptotes^ the equation being xy = m. 

. (w« + »*)* 

^ 2imcP 



III. Singular Poiirrs of Cuevbs. 

Definition of a Singular Point. 

42. A SINGULAR POINT of a curve, is a point at which the 
curve presents some peculiarity not common to other 
points. The most remarkable of these are, points of irir 
flexioriy cusps, multiple points, and conjugate points. 

Points of Inflexion. 

43. A POINT OF INFLEXION is a point at which the curva 
ture changes, from being concave downward to being con- 
cave upward, or the reverse. 

Inasmuch as the direction of curvature is determined by 
the sign of the second differential coefficient of the ordi- 
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nate, it follows that this sign must change from » to +f 
or from + to — , in passing a point of inflexion. But a 
quantity can only change sign by passing through 0, or oo . 
Hence, at a point of inflexion the second differential coef- 
ficient of y most be either 0, or oo . If the corresponding 
values of x and y are such, that for values immediately 
preceding and following them, the second differential coef- 
ficient has contrary signs, then will each set of such values 
correspond to a point of inflexion. 

EXAKPLES. 

1. To find the points of inflexion on the curve whose 
equation is y = J + (a? — a)'. 

We find, -—^ = 6(a; — a) ; this, put equal to 0, gives 

a; = a, which, in the equation of the curve, gives y = h. 
When X <ay the second differential coejQficient is negative^ 
and when a? > a, it is positive. Hence, the point whose 
co-ordinates are a and J, is a point of inflexion. 

2. To find the points of inflexion on the curve whose 
equation is y = J + -^^ (a: — a)^. 

We find, -^ = 2 (a; — a)3; this placed equal to 0, gives 

X — tty whence, y •=^h. When a; < a, the second differen- 
tial coefdcient is negative^ and when x> a, it is positive. 
Hence, the point whose co-ordinates are a and J, is a point 
of infiexion. 

3. Find the co-ordinates of the points of infiexion on 



ion is y = ^^A/ - 



the curve whose equation * - - / 



X 



Ans. ^ = 2^9 ^^^ y = ^rV3. 
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4. Find the co-ordinates of the points of inflexion on 
the line whose equation is y = — - — | i. 



Jns. a; = ± -a ^, and y = r^o. 



OuBps. 

^ 44. A CUSP is a point at which two branches terminate, 
being tangential to each other. There are two species of 
cusps; the ceratoid, named from its reseniblance to the 
horns of an animal, and the ramphoid^ named from its 
resemblance to the beak of a bird. The first is shown at 
E^ and the second at A. 

The method of determining the position and nature of a 
cusp point will be best shown by examples. 

1, Let us take the curve whose equation is y= J ± (a— a)f' 
From this we find, 



dx 



2 



dx^ 



For x = a, -r- = 0, and , . 
dx dx^ 



d^y 

^ = 00. 



For a; < a, both are 



imaginary, as is also the value of y. For a: > a, both are 
real, and each has two values, one plus and the other 
minus. Hence, the point whose 
co-ordinates are a and J is a cusp 
of the first species. 
2. Let us take the curve whose 

equation is «/ = a;* ± xi. 

From it we find, Fig. 7. 




dx 



^±5.*,»d^? = .±«A 
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From the given equation we see that no part of the 
curve lies to the left of the axis of y, and that there are 
two infinite branches to the right of that axis. 

The values of -^ are both at the origin ; and at that 

point both values of -r-| are positive ; hence, the origin is 

a cusp of the second species. 

A discussion of the above equations shows that the 

upper branch has its concavity always upward ; the second 

64 
branch has a point of inflexion for, x = -^r^ ; its slope is 

for X = -^— - : and it cuts the axis of x 

at the distance 1 from the origin ; from 
the origin to the point of inflexion, 
it curves upward ; after that point it 
curves downward. The shape of the 
curve is indicated in the figure. 

For the ceratoid the values of the Fig.s. 

second differential coefficient of y have 
contrary signs, for the raniphoid they have the same sign. 




Multiple Points. 

45. A MULTIPLE POINT is a point where two or more 
branches of a curve intersect, or 
touch each other. 

If the branches intersect, -^ will 
• dx 

have as many values at that point 

as there are branches; if they 

are tangfent, these values will be 

er^ual. 




Flg.». 
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EXAHPLBS. 

1. Take the curve whose equation is y* = a?* — a:*. 

For every value of x there are two values of y equal 
with contrary signs; hence^ the curve is symmetrically 
situated with respect to the axis of x. For a; = 0^ we have 
y = =i= 0; hence^ both branches pass through the origin. 
From the equation^ we find^ 



dy ^x 2x^ _ . 



2a;« 



dx y y Vl - aj« VI - ««• 

civ 
For a; = 0, ^ = ± 1, hence the origin is a multiple pointy 

by intersection. The curve is limited in both direc- 
tions. 

2. Take the curve whose equation is y = ± Va?* + a;*. 

The two branches are sjrmmetrically placed with respect 
to the axis of a:, both pass through the origin, forming a 
loop on the left and extending to infinity on the right 
We find, from the equation of the curve, 

dy . 5a;* + 4a;5 . 5a;* + 4a; 

dx ■" 2>/a;6 -J- a;* "" ^Va; + 1 

For a; = 0, we have ^ = ± ; hence, the origin is a mul- 
tiple point, the branches being tangent to each other and 

to the axis of x. 

/0% x^ 

3. The curve whose equation is y = ± xA/ , * , > 

has a multiple point at the origin, and is composed of two 
pointed loops, one on the right and the other on the left 
of the origin. 
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4. The curve whose equation is j^ = (a — 2) (a: — 3)* is 
symmetrical with respect to the axis of x and consists of a 
looped branch which extends from 2; = 2to2; = 3; at the 
latter point the upper part passes below the axis of x and 
lower part passes above that axis^ forming a multiple point ; 
beyond a; = 3 the two parts continually diverge^ extending 

Oonjiigate Poinli. 

4C A OOKJUOATE^ or ISOLATED ponTT^ is a point whose 
co-ordinates satisfy the equation of a curve, but which has 
no consecutive point Because it has no consecutive point, 
the value of the first differential coefficient of y at it, is 
imaginary. 

EXAMPLES. 

1. Take the curve whose equation is y = ± a; Vx — a. 

In this case x = and y = 0, satisfy the equation, but 
no other value of x less than a gives a point of the curve. 
Furthermore, we have, 

dy _ I Sx^- 2ax 
dx 2 Va;* — ax^* 

which for a; = is imaginary, as also for all values of 
x<a. 

2. Take the curve whose equation is 



y = ax* ± Vx(l — cost). 

For every positive value of x, there are two values of y, 

and consequently two points, except when coscc = 1, when 

the two points reduce to one. These points constitute a 

series of loops like the links of a chain, having for a dia- 

4 
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metral curve a parabola whose equation is y = ax*. Foi 
every negative value of x the values of ^ are imaginary, 
except when cokc = 1 ; in these cases we have a series of 
isolated points situated on the diametral curve, whose 
equation is y = ax*. We have, by differentiating and 
reducing, 



^ _ 9 . Vl— cosa: + x-t/1 + coag 
which is imaginary for negative values of x. 



IV. Maxima and Minima. 



D«flnitioiu of 

47. A function of one variable 

when it ia greater than 
the states that im- 
mediately precede and 
follow it; it is at a 
minimum state, when 
it isless than the states 
that immediately pre- 
cede and follow it. 
Thus, if KL be the 
curve of the function, 
BN will be a maxi- 



at a maximum etate^ 



greater than AM and 
CO, and EQ will be 
a minimum, because it 
is loss than DP and 
FR. 




MAXIMA AND MINIMA. 75 

Analytical OharacteriBtioB of a Maximum or Minimum. 

48. If we examine the figures given in the last article, 
we see that the slope of the curve KLy or the differential 
coefficient of the function, changes from + to — in pass- 
ing a maximum, and from — to + in passing a minimum. 
But a varying quantity can only change sign by passing 
through 0, or 00 ; hence, the first differential coefficient 
of the function must be either 0, or oo , at either maximum 
or minimum state. 

If 9 therefore, we fitid the first differential coefficient of the 
function, and set it eqtcal to andco, we shall have two equa- 
ttons which mil give all the values of the variable that belong 
to either a maximum or minimum state of the function. 

They may also give other values; hence the necessity 
of testing each root separately. This may be done by the 
following rule : 

Subtract from, and add to, the root to be tested, aii infi* 
nitely small quantity ; substitute these successively in the 
first differential coefficient ; if the first result is plus and 
the second minus, the root corresponds to a maximum ; if 
the first is minus and the second plus, it corresponds to a 
minimum; if both have the same sign, it corresponds to 
neither a maximum nor a minimum. 

The maximum or minimum value may be found by sub- 
stituting the corresponding root in the given function. 

EXAMPLES. 

1. Lety = 3 + {x-2)*' 

By the rule, \ie have, ^ = 2(a; — 2) = 0, .•. a; = 2. 
Substituting for x the values, 2 — dx, and 2 + dx, we finO 
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for the corresponding yalnes of the differential coeffioieiit 
— dx^ and + dx; hence, a; = 2, corresponds to ammmiMii, 
which is y = 3. 

2. Let y = 4 - (a? - 8)f 
We have, 

|=-|(,-8r*=co; .-., = 8. 

For x^^" dxj and 8 + ^> we have the difEbrential ooef- 

ficient equal to 

2,2 
:, and — 



hence, a; = 3 corresponds to a maximum, y = 4 

3. Let y = 3 + 2(a; - 1)'- 
We have, 

| = 6(a;-l)» = 0; .-.0^ = 1. 

Substituting 1 — dxy and 1 + dXy for a;, in the first differ- 
ential coefficient, we have in both cases a positive result; 
hence, a; = 1 does not correspond to either a maximum, or 
minimum. 

The preceding method is applicable in all cases; but, 
when the first differential coefficient of the function is 0, 
as it is in most instances, there is an easier process for 
testing the roots. In this case, the function being repre- 
sented by the ordinate of a curve, the maximum and 
minimum states correspond to points at which the tangent 
is horizontal ; furthermore, the curve lies wholly dbovej or 
wholly below, the tangent at the point of contact, that is, 
the tangent does not cut the curve at that point ; hence, 
the contact is of an odd order, and consequently the first 
of the successive differential coefficients of the function that 
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does not reduce to must be of an even order (Art 34). 
If this is negative, the cnrve bends downward after passing 
the point of contact, and the root corresponds to a maxi' 
mum, it positive the cnrve bends npward, and the root cor- 
responds to a minimum (Art. 35). Hence the following 
practical mle for finding the values of the variables that 
correspond to maxima and minima : 

Place tJie first differential coefficient of the function equal 
to 0, and solve the resulting equation; substitute each root 
in the successive differential coefficients of the function, 
until one is found that does not reduce toO; if this is of 
an even order and negative, the root corresponds to a maxi- 
mum, if of an even order and positive, to a minimum; but 
if of an odd order, it corresponds to neither maximum nor 
minimum. 

EXAMPLES. 

1. Let y = »• — 3a? + 2. 
We have, 



Also, 



-1 = 2a; — 3 = 0; /. a? = tr. 
dx 2 



3 



Hence, a; = ^, corresponds to a minimum state, which is, 

y=[a:«-3a: + 2]^=-i. 

The symbol [^-fl 3 is used to denote what -^ becomes 

3 
when the variable that enters it is made equal to ^. 



78 DIFFERENTIAL OALOULUa 

2. y = 4- (a;-3)*. 

we also find, 

Hence, [yjg = 4, is a maximum. 

In applying the above rule, a positive constant factor 
may be suppressed at any stage of the process; for it is 
obvious that such suppression can in no way alter the 
value of the roots to be found, or the signs of the successive 
differential coefficients. 

3. Let y = 3a;3 — 9«8 — 27a; + 30. 

Rejecting the factor, + 3, and denoting the result by u^ we 
have, 

dii 

— =3a;2-6a;- 9 = 3(a;2-2a;-3) = 0; ,-. a; = 3,a;= — 1. 

Eejecting the factor, + 3, and denoting the resulting value 
of the function by w', we have, 

The first corresponds to a minimum and the second to a 
maximum. Substituting in the given function, we have, 
for the maximum and minimum values, 

y' = 45, and y" = - 51. 
When the first differential coefficient is composed of 
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variable factors, the method of finding the corresponding 
values of the second differential coeflScient may be simpli- 
fied as follows : let us have, 

P and Q being functions of a, and suppose that [i^^ = 0, 
By the rule for differentiating, we have, 

dx^ ^ dx "^ ^dx' 
but because P becomes when a; = a, we have. 



Ux^M^x^ dx\ci 



Hence, find the differential coefficient of the factor that 
reduces to 0, multiply it hy the other factor, and substitute 
the root in the product. The result is the same as that 
found by substituting the root in the second differential 
coefficient. 

4 Let y = {x - 3)2(a; — 2). 

We have, ^ 

^ = 2(a; - 3) (a; - 2) + (a; - 3)« = (a; - 3)(3a; - 7) = 0; 



dx 



• • jc — — o, X — "^^ 

o 



By the principle just demonstrated, 
[S].= [^^ - ^3, = + ^5 [0]^= [3(. -3)]^= -2. 

Hence, [y] — 0, is a nimimum, and [y^± = —- , is u 
maximum. 
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If y represents any fnnotion of Xy and if u = y^f wa 
have, 

du _ ,j_i dy 
^"" ^ ^* 

If a; = a reduces ^r to 0, but does not reduce y*""^ to O9 
we haye^ from what precedes, 

If 71 is positive, any value that makes y a maxtmumj or 
minimum^ also makes t^ a moa^mt^m, or minimum ; if n 
is negative, any value that makes y a TTiemmt^nt, or mini- 
mum, makes u a minimum, or maximum. The converse 

is also true,. if we except the values that make y^~" equal 
to Q. Hence, if care be taken to reject the exceptional 
values, we may throw off a radical sign in seeking for a 
maximum or minimum. 



5. Let y = \/4a*a;* — 2ax^. 

Throwing off the radical sign, suppressing the fact c, 
+ 2a, and denoting the result by u, we have, 

■j- = ^ax — 3a;* = ; /. a; = 0, a; = -tt- 
dx 3 

The value, a? = 0, makes y = 0, and is to be rejected. 
The value x=z^ makes -^ negative, and gives 

y = — ;=, a maximum. 
3V3 
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In like manner^ if we have u = Zy, we haye, 
^ = — . ^, and if [^J = 0, we have, as before, 

[dhn __ r 1^ d^tn 

Hence, we infer, as before, that we may, with proper pre- 
caution, treat the logarithm of a ftmotion instead of the 
function itself, and the reverse. 

Passing to logarithms, and denoting ly by Uy we haye, 

tt = Z(a? - 1) + l(x - 2) - l(x + 1) - l(x + 2). 

Whence, 

du __ 1 _1 1_ 1 ___ 

dx iB-la; — 2 a; + l x + 2 ' 

Both yalnes of x make y negatiye. The first makes 

^ negativBy and the second makes it positive. Hence we 
ax 

have, y = 12^2 — lY, minimum^ and y = — 12\/2 — 17, 

PBOBLEHS IN MAXIMA AND MINIMA. 

1. Divide 21 into two parts, such that the less multiplied 
by the square of the greater, shall be a maximum. 

Solution.— l^t X be the greater, and 21 —a; the less. Wo 

4* 
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have, for the equation of the problem, y = (21 — x)x^. 
By the mle we find that a; = 14 makes y a mazimnm. 
Hence, the parts are 14 and 7. 

2. Find a cylinder whose total surface is equal to S, and 
whose volume is a maximum. 

Solution. — Denote the radius of the base by Xy the alti- 
tude by y, and the volume by F. From the geometrical 
relations of the parts, we have, 

S = 2flra;« + 2irz X y, and F= *«« X y. 
Combining, we have, for the equation of the problem, ' 

^ ^S— %nex^ 1 ,„ o «N 

^=^^ 2^a; =^^Sx^2^x^). 

F is a maximum when x = A/ — ; whence, y = 2i / — , 

.or y = 2a:. That is, the altitude is equal to twice the 
radius of the base. 

3. Find the maximum rectangle that can be inscribed 
in an acute-angled triangle whose base is 14 feet, and alti- 
tude 10 feet. 

Arts. The base is 7 feet, and the altitude 6 feet. 

4. Find the maximum triangle that can be constructed 
on a given base, and having a given perimeter. 

Solution. — Denote the base by J, a second side by «, the 
third side by 2jp — 5 — a;, the perimeter by 2/?, and fhe 
area by A. From the formula for the area in terms of. 
the three sides, we find the equation of the problem. 



A = Vp{p — b){p — x){b + x — ^). 

For X = p — ^, A iaa, maximum. Hence, the triangle ii 
isosceles. 




ft- 
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5. To find the maximum Isosceles triangle that can be 

inscribed in a circle. 

Ans. An equilateral triangle. 

■ 

6. To find the ipinimnm isosceles triangle that can be 
circnmscribed about a circle. 

Ans, An equilateral triangle. 

7. To find the maximum cone that can be cut from a 
sphere whose radiuS is r\ 

2rV2 4 

Ans. The radius of the base is — 5 — , and the altitude is ^r. 

o 

8. To find the maximum cylinder, that can be cut from 
a cone whose altitude is A, and the radius of whose base 

isr. 

2 • 1 

Ans. The radius of its base is ^r, and its altitude :r//. 

9. To find the altitude of the maximum cylinder that 

can be cut from a sphere whose radius is r. 

2 
Ans, Altitude = o^a/S- 

10. To find the maximum rectangle tbatciin be inscribed 
in on ellipse whose semi-axes are a and 1), 

A71S. The base is aV^, and the altitude bV2. 

11. To find the maximum segment of a parabola that 

can be cut from a right cone whose altitude is A, and the 

radius of whose base is r. 

3 

A71S. The axis is 'equal to jvPh- r*. 

12. To find the maximum parabola that can be inscribed 
in a given isosceles triangle. 

Ans. The axis is equal to -r^^ the altitude. 



^-v) 
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13. To find the maximum cone whose rarfiice is a a- 

^ itant and equal to S. 

. .^^' i>,-4 1 /S 

r /:« - Ans. The radius of the base is ky zi* 






14 To find the maximum c;j^der that can be out firom 
a given oblate spheroid, whose semi-axes are a and b. 

Aim. The radius of the base = ay «, ^^ 

o 
- .-^rs \ 2 

and the altitude =9- h'—u 

15. From the comers of a rectangle whose sides are a 
and h four squares are cut and the edgs turned up to form 
a rectangular box. Required the side of each square when 
the box holds a maximum quantiiy. 

Aim. ?-^ — -Va* — oi + J«. 

16. To find the minimijjn* parabola that will dnmm- 
scribe a given circle. 

Solution, — ^Let x and y be the co-ordinates of the point 
of contact, a and b the terminal co-ordinateS| 2p the vary- 
ing parameter, and r the radius of the circle. IV)r any 
circumscribed parabola, we have. 



a = a; + i? + r, and i = ^s/2pa=^ ^/%p{x + ^ + r) (1) 

But from the triacgle, whose sides are the radius, the sub- 
normal, and the ordinate of the point of contact, we have, 

and i =^ + r (2) 

It will be shown hereafter that the area of a parabola is 
two-thirdsihe rectangle having the same base and altitude. 

?kpJx 
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Assnming this property^ and denoting the area by A^ we 
have, for the equation of the problem^ 

^=5-»«-H^ « 

Applying the mle^ and remembering that p and A are 
yarlable, we find that ^ is a minimum when 2p = r. 

17. Find the maximnm difference between the sine and 

yersednsine of a varying angle. t — g 

AnB. When the arc is 45^ 

18. Find the maximum yalne of y in the equation 

AnB. if = «■• 

19. Divide the number 36 into two fSsictors such that the «^- 
finm of their squares shall be a minimum. i v '^^ 

Ans. Each factor is equal to G.*^"^ 

20. Divide a number m into such a number of equal yv' 
parts that their continued product shall be a maximum. V 



X-- 



Solution. — Let x denote the number of parts, — one 

])art^ and f — j the continued product; hence^ the equation 
Af the problem is, 

y = f — J ; or, ly = xl— = xlm — xlx. 

^ = y(2ni — 1 — iaj) = 0; /. £c= Zm — 1 = to — fo = I—; 

m 
...« = -, and y=«. 
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m 



fh 



;ht falling i 
are of the-f^ 
;ine of its V 



^»=[»x-a„=-.^xi,..-.^=.', 

e e 

is a maximum. 

21. What value of x will make the explosion ^ — -, 

C^ -^-^ tt maximum? 

^ ^ ^* , Ans. X = 46^ 

^ - /► y * 22. Find the fraction that exceeds its square by the 
xl ^^ c^reatest possible quantity. 

ry7f~.x^ 23. The illuminating power of a ray of light falling 
^0' X ooliquely on a plane varies inversely as the square 
Co ^^ distance from the source, and directly as the sine 
• WXF inclination to the plane. 

ii^sj%0-^ How far above the centre of a horizontal circle must a 
^^/ ^ light be placed that the illumination of the circumference 
rj^^ ,^may be a maxunum ? ^^^ _^_r_ 

d^ xi^/ijPJK^ Maxima and Minima of a Function of Two Variables, 

(y, ^^ky^ '^9. A function of two variables is at its maximum state 
ii/^^2^ when it is gi'cater, and at its minimum state when it is less 
jk^y I ^irf'^s-n all its consecutive states. 

A (^ ^ If two parallel sections (Art. 23) be taken through a maxi- 
k^^^^K mum or minimum ordinate of a surface, the ordinate will be a 
C ^^ maximum or minimum in each section, and in nearly 
^ ^ ~T~ every practical case the reverse will hold true. The ex- 
Yiy ceptional cases will be those in which the maximum or 
minimum ordinate corresponds to a singular point of the 
surface. Omitting these, the problem is reduced to find- 
ing an ordinate that shall be a maximum, or a minimum 
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in both the parallel sections through it This requires 
that -J- and -j- be simultaneously equal to 0. The equa- 
tions thus obtained will determine all the values of x and 
y that correspond to maxima or minima states^ and each 
set of such values may be tested in the manner explained 
in the last article^ observing that for the section parallel 
to the plane xz^ the successive differential coefOicients of z^ 
are found by supposing y constant^ and for the section 
parallel to yz^ they are found by supposing x constant 

EXAMPLES. 

1. Let 2J = a* — Zxy + y*. 
We have, 

^ = 3ic« - 3y = 0, and ^ = Sy^ - 3ic = 0; 

/. a; = 0, y = ; and jr = 1, y = 1. 
Also, 

d^z d^z , d^z d^z 

dx* ' dx^ ' dy^ ^' dy^ 

The first set of values reduce the second differential 
coefficients to 0, but not the third differential coefficients; 
hence, they are to be rejected. The second set of values 
make both of the second differential coefficients positive; 
hence, they correspond to a minimum, which is 2; = — 1. 

2. Let z = x^y* — x^y^ — x^y^. 

For, ic = -, y = -, 2; = — , a maximum. 

3. Let z = ^/p{p — x){p — y){x + y—p)- 

Dropping the radical sign, passing to logarithms, and 
denoting the logarithm of z^ by w, we have, 

u = l(p) + l(p -x) + l(p - y) + l{x + y-p). 
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Hence, 

du_ 1_ 1 _ Q^ 

dw 1 1 ^ 

dy i?-y « + y-i> ' 

2 2, 

X = ^ j?^ y ^oPf niake is a Tnaxinniin. 



V. SiKGULAR Values op YvNcnoKB, 

Definition and Method of Biraliiation. 

50. A singular value of a ftmction is one that appears 

nnder an indeterminate form, for a particular yalne of the 

X -^ sm27 

yariable. Thns, the expression j — reduces to x, for 

the particular value, a? = 0, whereas its real value is ^. 

Singular values that take the above form of indeter-^ 
mination, may often be detected, and their real value 

found by means of the calculus. Let w = -, in which z 

and y are functions of x that reduce to for a; = a. Clear- 
ing of fractions and differentiating, wc have, 

udy + ydu = dz; 

if we make a; = a, the second term disappears, and we have, 

dz 
dy. 

If both dz and dy reduce to for a; = a, we have, in like 
manner. 






and so on. Hence, the following rule: 
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Divide the successive differentials of the numerator by the 
corresponding differentials of the denominator; substitute 
the particular value of the variable in the resulting fraction^ 
continuing the operation tiU one is reached that is not inde^ 
terminate; the value thus found is the value required. 

Thus, in the example above, we have, 

[ ag — smar i _ r l — cosan __ rsinari _ r cosan _ 1 
aj» Jo - L dx* Jo - L 6a; Jo "" L 6 Jo "" 6* 



EXAMPLES. 

L End the value of [^' "^ ^f JTi^ "" \ • ^^- ^ 

2. Find the value of [^, _ ^^.-^^l ^ ^^ \. Ans.\. 

3. Find the value of p ""^ ^~^^ ±1 , ji^g^ 0. 

4. Knd the value of -z: K • ^^- ^ 

L 1 — a; Jl 

5. Find the value of f,,,"".^ \ \ • ^^' ^• 

L 1{1 + X) Jo 

[1 — cos a^1 
. -4n&0. 
X Jo 

7. Find the value of [^, ^ g*,1^^ _ ^\ • ^««- ^v 

& Bind the value of [J^]. • ^♦«- ^' 
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jB^tana; n ^ «* 



9. Find the value of L , — J^ Ana. j , 

"2 

10. Find the value of f ^ ~ ^^^' "" ^ 1 • ^iw. 2. 



00 



Singular values that appear under the forms X «>, 

— , and 00 — 00 , can be reduced to the form discussed, and 

then treated by the rule. The method of proceeding in 
each case will be illustrated by an example. 

TTX 

11. The expression (1 —x) tan -^, which reduces to x oo , 

1 — X 

when ic = 1, can be placed under the form , which, 

cot^a 

2 

by the rule, reduces to ~ for the particular value, « = 1. 

AT 

iji^X x^ 

12. The expression, tan-^r- -f- -r-z 7t> which reduces to 

2 (X* — 1) 

^ for a; = 1, can be placed under the form ^ and 

a;*cot^a: 

4 
this, by the rule, gives for jr = 1, the value . 

13. The expression, irtana; — - seca:, which reduces to 

00 — 00 , for the value a; = rr, may be written —. 

2' -^ cosa; * 

If 
which, by the rule, gives for x = ^, the value — 1. 
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VI. Elements of Geometrical Magnitudes. 

Differentials of Ziines, Bur&oes, and Volnmea. 

51. Let AP and BQ be two consecutive ordinates of the 
curve, -ffZ, whose equation is y =/(a;); then will PQ be 
the differential of the length of the 
curve, and AP QB will be the dif- 
ferential of the area, bounded by 
the curve, the axis of a;, and any 
two ordinates ; if we suppose the 
figure to revolve about the axis of 
Xy the curve will generate a surface 
of revolution, and the area between 
the curve and axis will generate a 
volume of revolution; the surface generated by PQ, is the 
differential of the surface of revolution, and the volume 
generated by APBQ, is the differential of the volume of 
revolution. "When the equation of KL is given, the values 
of these differentials may always be found in terms of x 
and dxy or of y and dy. 

1°. Denote PQ by dL; we shall have, as in Art. 5, 




Fig. 11. 



dL = Vdx^ + dy^ 



(1) 



To apply this formula, we differentiate the equation of 
the curve, combine the resulting equation with that of thef 
curve, so as to find the differential of one variable in terms 
of the other variable and its differential, and substitute 
this in the formula. Thus, let it be required to find the 
differential of the arc of a parabola. Assuming the equa- 
tion of the parabola, y^ = 2pXy we find, by differentiation 
and combination, 
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dy = ^y^ and efa = -^dy, or dy« = (fc»^ 

and da;* = ^dy*. 
Substituting, and reducing, we hayey 

2^ Denote APQB by dii ; this is made up of two partSi 

1 

the rectangle, AR z= ydx, and the triangle, JSPQ = -^dydx; 

but the latter is an infinitesimal of the second order, it may 
be therefore neglected in comparison with the former; 
hence, we have, • 

dA^ydx (2) 

This formula may be applied in a manner similar to that 
jugit explained. Thus, if it be required to find the diflTer- 
ehtial of the area of a parabola, we have, 

dA = — dy; or, dA = {V^pijdx. 

3**. Denote the surface generated hj PQ hj dS; this 
surface is that of a frustum of a cone, in which the radius 
of the upper base is y, the radius of the lower base, y + dt/, 

and the slant height, Vdz^ + dy^. Hence, 

d8 = -7r[2iry + 2ir{y + dy)] X Vdx* + dy«. 

Neglecting dy in comparison with y, and reducing, we 
have, 

dS = 2^yVdx^ + dy* (3) 
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To fiud the differential of a paraboloid, we proceed as 
before. Substituting the values already found, and re- 
ducing, we have, 

4°. Denote the yolume generated by APQB^ by dV; 
this yolume is that of a frustum of a cone, in which the 
radius of the upper base is y, of the lower base, y + dy^ 
and the altitude dz. Hence, 

dV^ 3 , 

neglecting dy in comparison with y, we have, 

rfF= *y^dx (4) 

Applying the formula to the paraboloid of revolution, we 
haye, as before, 

dV^^^—dy^ or, dV=2irpxdx. 



VIL Application to Polab Co-obdinates. 

General NoiionR, and Definitions. 

52. In a polar system, the 
radius yector is usually taken 
as the function, the angle be- 
ing the independent varidble. 
Let P be any point of the 
curye, Pi, in the plane of 
the axes, OX, OT; let 
be the j9ofo, and OX the ini- 
tial line, of a system of polar 
oo-ordinates. Then will OP, 




94 DIFFERENTIAL CALCULUS. 

denoted by r, and XOPy denoted by 9, be the polar co- 
ordinates of Py and the equation of PL may be written 
under the form, 

r =/(9). 

It will be convenient to express the values of 9 in terms 
of AT as a unit; in this case, it is laid off on the directing 
circle^ OS^ in the direction of the arrow when positive, and 
in a contrary direction when negative. Let OH be the 
measure of <p for the point P, and let HI be equal to the 
constant infinitesimal, c^; draw OIQy and with as a 
centre describe the arc, PR ; then will OP and OQ \)Q 
consecutive radius vectors, P and Q will bo consecutive 
points, RQ will be the differential of r, PQ will be liie 
differential of the arc, POQ will be the differential of the 
area swept over by the radius vector, and PQ prolonged, 
will be tangent to the curve at P. 

The line, BCy perpendicular to the radius vector, OP, is 
the movable axis, and the perpendicular distance, OJ, is the 
polar distance of the tangent. Prolong the tangent to meet 
the movable axis at B ; at P draw a normal, and produce 
it to meet the movable axis at C ; then is OB the subtan- 
gent, PB the tangent, 00 the subnormal, and PC the 
normal at the point P. 

Useful Formulas. 

53. 1°. Differential of the arc. Denote the differential 
of the arc, P$, by dL ; RP being infinitesimal may be re- 
garded as a straight line perpendicular to OQ ; it is equal 
to rd(p ; hence, 

dL = Vdr^ + r«(fo2 (i) 
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2°. Differential of the area. Denote the diflTerential of 
the area swept over by the radius vector by dA ; this is 
made up of the sector, OF By and the triangle, RPQ ; 
but, RPQ is an infinitesimal of the second order, and the 
sector is an infinitesimal of the first order ; neglecting the 
former in comparison with the latter, and remembering that 
the area of a sector is equal to half the product of its arc 
and radius, we have, 

dA = ^«d9 (2) 

3°. Angle between the radius vector and tangent. Denote 
the required angle by V; the angle, RQPy differs from the 
required angle, OPBy by an infinitesimal, and may, there- 
fore, be taken for it; but tan RQPy equals RP, divided by 
RQ; hence, we have, 

•"""^ w 

4°. Polar dista7ice of the tangeyit. Denote the distance 
OA hy p; the triangles, QPR and QOAy are similar; 
hence, 

QP : RP: : QO : OA. 

But, PO differs from §0 by an infinitesimal, and may, 
therefore, be taken for it ; making this change, and sub- 
stituting for the quantities their values, we have. 



hence, 



Vdr^ + r*dq>^ : rdp : : r : p; 



p=^=^^^== (4) 
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fi°. Formula Jor aubtangenl. Denote the snbtangent by . 
8.T,- in the triangle, FOB, the perpendicniar, OB, u 
equal to the base, OP, maltiplied by the tangent of the 
angle at the base; henc^ 






^^-=1^ W 



6°. Formula for lubnormal. Denote the subnormal hf 
ANj the trianglee, OFB and OOP, are umilar; heiux^ 
tanOGP = tanOP^; but, 00, equals OP, dirided by 
taaOOP; hence. 



8.N- = 



.(6) 



7". Formula for the radius of curvatare. Denote the 
radius of curvatare by p ; let P and Q be two consecatiTe 
points of the carve, JTZ, and let 
PO and QO be normals at these 
poiutfi, meeting at C; then will 
C be the centre of the oscnlatory 
circle ; draw OM perpendicular 
to PC, it Till be parallel to the 
tangent at P, and, consequently, 
the intercept, PM, will be equal 
to the polar distance of the tan- 
gent denoted by p ; draw 00, "*■ "■ 
OP, and Q. From the figure, we have, 

00* = r* 4- p» - 2pp. 

If we pass from P io Q,r will become r + dr,p will 
become p + dp, and OC and p will remain unchanged. 
If, therefore, we differentiate the preceding equation under 
the supposition that r and p are variable, the resulting 
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equation will express a relation between p, r, and p. Dif- 
ferentiating, we have, 

2rdr^2pdp = 0; .'. P = ^ (7) 

8°. Formula for the chord of curvature. The chord of 
cnryature is the chord of the oscnlatory circle that passes 
through the pole and the point of osculation. Denote it 
ty C; prolong FO and PO till they meet the circle at R 
and iV, and draw RN. The right angled triangles, FNR 
and FMOy are similar, hence, 

FN : FR :: FM : FO, 

or, 

C : 2p : : J? : r ; 

hence, 

0=^. 0,0 = ^1 (8, 



Spirals. 

54. K a straight line revolve uniformly about one of its 
points as a centre, and if, at the same time, a second point 
travel along the line, in accordance with any law, the lat- 
ter point will describe a spiral. The part described in one 
revolution of the straight line is a spire. The fixed point 
is the pole. If we denote the distance from the jwle to the 
generating point by r, and the corresponding angle, 
counted from the initial line, by 9, we have, for the gen- 
eral equation of spirals, 

r=f{9) (1) 

When this relation is algebraic, the spiral is said to be 
algebraic; when this relation is transcendental, the spiral 
is said to be transcefidental 
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Among algebraic spirals, the most important are the 
spiral of ArchimedeSj \hQ parabolic spiral, and the hyper" 
holic spiral, corresponding, respectively, to the right line, 
the parabola, and the hyperbola. 

Spiral of Archimedes. 
55. The equation of this curve is, 

r =z aqt (2) 

We see that the generating point is at the pole when 
the variable angle is 0, and that the radius vector increases 
uniformly with the variable angle, being always equal to a 
times the arc of the directing circle that has been swept, 
over. Differentiating equation (2), we have, 

dr = ad(p. 

Substituting, in formulas (1) to (8), Art. 63, we find, 

dL = ad(pVl + <p« ; S.T =a(p^; 
dA = -^a^(f>^d<p ; S.JV = a ; 



a' ^ 2+9 



t 



a|« . 2g<p(l +(p«) 

If we take a straight line, whose equation is y = ax, and 
lay off the abscissa of any point on the directing circle, 
and the ordinate of ^ that point on the corresponding 
radius vector, the point thus determined is a point of the 
spiral of Archimedes. 
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In like manner, we may discuss and constrnct the para- 
bolic spiral, whose equation is r* = 2^, and the hyperboho 
spiral, whose equation is r^ = w. The former corresponds 
to the ordinary parabola, and Ihe latter, to the ordinary 
hyperbola referred to its asymptotes. 

VIII. Teaksobndbntal Oubves. 

Definition, 

M. A transcendental curve, is a curve whose equation 
can only be expressed by the aid of transcendental quanti- 
ties. The cycloid, and the logarithmic curve are examples 
of this class of lines. 

The Oycloid. 

57. The cycloid is a curve that may be generated by a 
point in the circumference of a circle, when that circle 
rolls along a straight line. The point is called the geiiera- 
trix^ the circle is called the generating circle, and the 
straight line is the iase of the cycloid. The curve has an 
infinite number of branches, each corresponding to one 
revolution of the generating circle. 

To find the equation of one branch, -iPif; let A l)e the 
origin, C the centre of the generating circle, and P the 
place of the generatrix after the circle has rolled through 
the angle KCP, denot- E 

ed by 9 ; denote the co- 
ordinates, AL and LP, 
by X and y, and let the 
radius of the generating AL 
circle be represented by r. - ^i«. 14. 

From the figure, we have, 

AL^AK-'LK. 
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But, AK IB equal to the arc KP, and KP is the arc 
whose versed sine is y, to the radios r, or r times the arc 

whose versed sine is ~, to the radius 1 ; LK is equal to 

PD, which, from a property of the circle, is equal to 

d: V(2r — y)y, the upper sign corresponding to the case 
in which P is to the left of KE, and the lower sign to the 
case in which P is to the right of KB; and AL is equal 
to X. Substituting these values, and reducing, we have, 

X = rversin"^-^ =p V^ry — y*; 

which is the equation sought. From it we see that y can 
never be less than 0, nor greater than 2r; we see, also, that 
y is equal to 0, for a; = 0, and for x = "Zier^ and that for 
every value of y, there are two values of x, one exceedinsr 
irr as much as the other falls short of it* 
Differentiating and reducing, we have. 



dx = 



ydy 



V^ry-^y^' 

which is the differential equation of the cycloid. From it 
we. deduce the equation. 



4/-^ — 1> whence, -r-f = ;• 

y y dx^ y* 



From the first, we see that the tangent to the curve is 
vertical for a; = 0, and x = 2^r, and that it is horizontal 
for x^nrr; from the second, we see that the curve is always 
concave downward. 

Substituting, in formulas (6) and (7), Art. 32, we have, 
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The Zaogarlthmio Onrra. 

5& The logarithmic oorvei is a cnrye in which any 
ordinate is equal to the logarifchm of the corresponding 
abscissa. Its equation is, therefore, 

y = logo;, or y = M . Ix; 

in which M is the modulus of the 
systenL 

If if > 0, y will be negative when 
a? < 1, positiye when a; > 1, when 
05 = i; and infinite when a; = 0. 

If if < 0, y will be positive when 
X <1, negative when a; > 1, when a; = 1, and infinite 
when x==0. 

In no case can a negative value of x correspond to a 
point of the curve. 

Diflferentiating, we find, 




Fig. 16. 



dy M . d^y M 



The first expression has the same sign as M^ and varies 
inversely as x. Hence, when if > 0, the slope is positive, 
when if < 0, the slope is negative, and in both cases the 
curve continually approaches parallelism with the axis 
of a. 

The second expression has a sign contrary to that of M, 
and varies inversely as the square of x. Hence, when if > 0, 
the curve is concave downward, as EDC^ and when if < 0, 
it is concave upward, as KDC. 



PAKT III. 
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Oljoct of the Integral OalonloM. 

^ 59. Tlie object of the integral calcnlns is to pass from a 
given differential to a function from which it may have 
been derived. This function is called the integral of the 
differential^ and the operation of finding it. is called inte- 
gration. The operation of integration is indicated by this 

Bigti,!, called the integral sign. Integration and differ 

entiation are inverse operations^ and their signs, when 
placed before a quantity^ neutralize each other; thus. 



/" 



dx =x. 

A constant quantity connected with a function by the sign 
of addition, or subtraction, disappears by differentiation , 
hence, we must add a constant to the integral obtained ; 
and inasmuch as this constant may have any value, it is 
said to be arbitrary. The integral, before the addition of 
the constant, is called inco7riplete, after its addition it is 
said to be complete. By means of the arbitrary constant, 
as we shall see hereafter, the integral may be made to 
satisfy any one reasonable condition. 

Nature of an Integral. 

60. The differential of a function is the difference 
between two consecutive states of that function; hence* 
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any state of the function whateyer, is equal to some pre- 
yiouSy or initial state^ plus the algebraic sum of all the 
intermediate values of the differential. But this state is 
the integral, by definition ; hence, if the arbitrary constant 
represents the initial state, the incomplete integral repre- 
sents the algebraic sum of all the differentials from the 
initial state up to any state whatever, and the complete 
integral represents the initial state, ^Zt^a the algebraic sum 
of all the differentials from that state up to any state 
whatever. 

Before any value has been assigned to the constant, the 
integral is said to be indefinite; when the value of the 
constant has been determined, so as to satisfy a particular 
hypothesis, the integral is said to he particular ; and when 
a definite value has been given to the variable, this integral 
is said to be definite. 

The values of the variable that correspond to the initial 
and terminal states of a definite integral arc called limits, 
the former being the inferior, and the latter the superior 
limit; the integral is said to lie between these limits. The 
value of the definite integral may be found from the indefi- 
nite integral by substituting for the variable the inferior 
and superior limits separately, and then taking the first 
result from the second. The first result is the integral 
from any state up to the first limit, and the second is the 
integral from the same state up to the last limit; hence, 
the difference is the integral between the limits. The 

symbol for integrating between the limits is / 9^^ which a 

is the inferior, and b the superior limit. 

This article will be better understood when we come to 
its practical application in Articles 78 and following. 
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Methods of Integration j Simplifications. 

61. The methods of integration are not founded on pro« 
cesses of direct reasonings but are mostly dependent on 
formulas. The more elementary formulas are dednced by 
reversing corresponding formulas in the differential cal- 
culus ; the more complex ones are deduced from these by 
yarious transformations and devices, whereby the expres- 
sions to be integrated are brought under some known 
integrable form. 

It has been shown (Art. 9), that a constant factor re- 
mains unchanged by differentiation; hence, a constant 
factor may be placed without the sign of integration. It 
was also shown in the same article, that the differential of 
the sum of any number of functions is equal to the sum 
of their differentials; hence, the integral of the sum of 
any number of differentials is equal to the sum of theii 
integrals. These principles are of continued use in inte- 
gration. 

Fundamental Formulas. 

62. If we differentiate the expression , we have, 

d[ T ) = ax ax; 

reversing the formula, and applying the integral sign to 
both members, 

Eemembering that the signs of integration and differentia* 
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tion neutralize each other (Art 59), and adding a constant 
to complete the integral, we have, 

fax-dx = ^ + C [11 

Hence, to integrate a monomial differential, — drop the 
differential of the variable, add 1 to the easponent of the 
variable, divide the restUt by the new eaponent, and add a 
constant. 

This rule feils when w = — 1 ; for, if we apply it, we get 
a resnlt eqaal to oo ; in this case the integration may bo 
effected as follows : 

From Art. 15, we have, 

reyersing and proceeding as before, we haye, 

lax dx = al — = alx+ [2] 



I • 



From Alt. 16, we haye. 



reyersing and proceeding as before, we haye, 

P^-i^^ w 

In like manner, reyersing the formulas in Article 17, let* 
tered from a to A, we haye, 

fcoaxdx = Binz + C [4] 

6* 
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I — Anzdx = C08X + C • [6] 

/-^=«>«-+^ •• [^ 

jAsixdx = yersinaj + (7 [8] 

/ — oo^dx = coyersina; + (7 [9] 

Jts,nxBeGzdx = seca; + (7 [10] 

I — cota;co8eca;da; = cosecaj + [11] 

In like manner^ from the formulas in Art 18^ lettered from 
a' to A', we deduce the following: 

f-TT^ = '^''y<-<^ ("1 ■ 
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//^^^ = ^^"^''"'y + ^ ti«J 



V^y — y 



/- ^ ^^ = coyersin"" V + C. . . [17] 
V 2y - y» 

, ^ = 00860*"^ +0 [19J 

yVy* — 1 

If in formulas (12), (13), (U), (15), (18), (19), we make 

&» , , bdx , , , 

y = — , whence dv = — , and reduce, we hare, 

■ = = T sin ^— + C .... [20] 

/^^^ 1 -1^ , n roil 
; = -7 COS ^ — + C . . . [21] 
Va* — b^x^ a ^ -^ 

r.^^^ = \tm-'^+0 [82] 

/*_ _^^ = 1 cot-l^ + G ... [23] 

f- —^ = 1^0-^^^ a. ... [24] 
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/- 



= - cosec * — + (7 • • . . [26] • 



^Vb^x* — a» « ^ 



Prom (16) and (17), by substituting — ^ x for y, and re*- 
ducing, we have, 



/ 



dx 1 . ^1 2i« - ^ ro/j I 

— = T versin ^ —r- a; + C7 [261 



/- 



, = T coversin * — ^ a? + C . . [271 

\/a«a;-ft«a;« ft . a« •■ -^ 



Formulas (1) to (19) are the elementary forms, to one 
of which we endeavor to reduce every case of integration ; 
the processes of the integral calculus are little else than a 
succession of transformations and devices, by which this 
reduction is affected. 

In the following examples, and, as a general thing, 
throughout the book, the incomplete integral is given, it 
being understood that an arbitrary constant is to be added 
in every case. 

EXAMPLES. 

Formulas (1) to (3). 

1. dy = %%^dx> Ans. y = -j-. 

2. dy = ':9?doc Ans. y = o bcr. 

3. dy = dx^^dx. Ans. y = — a?"'» 
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4.ay = !^*^ 



2 —4 

6» dy = — ^x dx. 
o 






6. dy = ("o flw;* — -^borjdx. Ana. y = ax* —bx'. 



S. dy= -^x dx. 



-1. 



9. (fy = dx^^dx. 
/ 10. dy=z {2xi+x''^)dx. 

11. dy = e^^cosa?cfo. 

12. % = - e^^^&iuxdx. 



A 12 1 



X X* 



Ans. V = a;*. 



Am* y = 322:. 
^»«. y = —a;* + fe. 

Ans. y = e^'"^. 
Ana. y = e^^^^. 



Fonnulas (4) to (11). 

13. dy = 2co82a^. -4w5. y = sin2a;. 

14. dy =: -— -5-Bin(aj*) X xefe. -4w5. y = -jCos(a;*). 



15. cfy = — ttt-x' 
^ cos*(ia;) 



-4ns. y = 2tanf — a;j. 






-4»«. y = — cot(3a;*). 



.1 

i 
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17. dy = 9m(ax)da. Ana. y = — Ter8in(ac). 



18. (?y = — cosf -5-a;« j X xdx. Ans. y= coyersmr ^» j 



Fonnnlas (12) to (19). 

2dx _i 

19. ay = ■ • Ans. y = siii '^(2x). 



20. (?y = -4w«. y = sin"^(a;»)* 

V 1 — a?* , 






1. «i 



JLw5. y = ^an ^(o;^^). 



Vx — 4a;« VI — 4a; 



u4fw. y = oos"'^(8i/«). 

, tctfa; 1 d{x^) . Ix -1 . 



23 



rt f 2e?a? . ^ ,_i 

24. dy = — ^3 . -4w5. y = 2cot ic 



26. dfy = -. Ans. y = -s-versin ^3z, 

Vez - 9a;« ^ 3 
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Formulas (20) to {25). 

i6.dy = -^^=; (a = Va, & = 3). 

. 1 . «i 3a; 

Ans. y =-5-8in * -7=, 

— -^xdx 
27. dy = ^ ; («= V2, J = V5, tt = ««). 

. 1 -ia;«V5 

^fW. y = 5— =COS 



3V5 V2 



^•^* = il^'(^ = *'* = ^>- 



- 1. _.i3a; 

Am. y = -^tan ^ — . 



^^•^=-4^5 (a = 2, J = l). 



1 a; 
-4»s. y = cot ^ — . 



2efa 

. 2 »ia;\/3 

^W5. y = — psec — 7=r. 

V5 \/5 

8L djy = - ■ ^^ ; (a = V2, J = V5). 
Vfo*^2a;« ^ ^ 

. 3-1 xVb 

Ans. y = — Trcosec 



Va \/2* 



02.^5 CbV 
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32. dy = , , g ,» Am. y = — Trtan^^a^Vs. 

^ 1 + 6a;« V5 

oo ^ -2a;""^db . 2 -iJcVu 

83. dy = — - ^fw. y = — =C08ec * — =- 

^ VliS»^3 ^ V3 a/3" 

Formulas (26) and (27). 
84.rfy = -7i^=; (a = 2, i = 3). 

. 1 . -i9a;« 

^7W. y = -^-versin * -^. 

35.rfy= TJ^J («=1, J=V3). 

-4w5. y = — 7=coyer8m""^4a;*, 
2V2 



EXAMPLES IK SUGGESSIYE UsTTEGBATIOlT. 

36. d*y = axdx^. 
Dividing by cfo*, 

Integrating, we have, 

d^y _ax^ ,^ 

Multiplying by dx, and integrating again, we findf 

dy ax^ ^ ^ 
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Multiplying again by dxy and integrating^ 

ax^ Ox* ^ ^- 

37. d^y = - z-^dxK 
As before, we have, 

.-2 



g = _-^a..<.,. 



.-1 



|=-.^.cr».0-V 



and finally, 






38. e?'y = mdx*. 



^iw. y = — - + -— + crx + C". 



39, d^y = a;*<?a;». 



40. d*y = 8x*dx*. 



Ana. y = ±x^-^^ + C7'a:+ (?"• 






i 
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Integration by Parts. 

tS, ISu aud V are fnnctions of x, we have, from Art 10, 

d{uv) = udv + vcfo. 
Integrating and transposing^ we haye/ 

I udv = uv — Ivdu [28] 

This is called i\iQ formula for integration iy parts; it 
enables us to integrate an expression of the form vdv 
whenever we can integrate an expression of the form vdu. 
It is much used in reducing integrals to known forms. 

EXAMPLES. 

1. dy = xlzdx; 
Let Ix =Uy and xdx=:dv; 

/. du = — , and v = -r^. 

Substituting in the formula, we haye, 

x*lx X* 
2"~T 



_ re* 7a; Cxdx ___ 
^ "" "2" "V T" "■ 



Q , dxVl — a:« 
2. (fy = ^^ 



dx 



lict Vl — i»* = w, and -r = rfv : 

X* 



J xdx - 1 

•% aw = -- , and v = — -; 

a/1 - a;2 «^ 
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hence^ we haye, from the formula, 



a/1 —a« "" 






y = f — — = = Bin~*a; 



Additional Fomralai. 

(4. 1^ Fonnnla (1) may be extended to coyer the case 
of a binomial differential of the form, 

rfy = (a + bJ^yPT^^-^dx, 

in which the exponent of the yariable without the paren- 
thesis is 1 less than the exponent of the yariable within. 

Let a + h^ = z; /. bnx^ dx = dz. or x^^^dx = r-. 

on 

Substituting, and integrating, we haye, 

y^Jia + bx)Px ^dx=J-^ = ^^^^^^. 
Eeplacing z by its equal, (a + bx^)y we haye. 



/ 



(a-f toYg'*^^tfg= ^'\"'"/^T<^ + C^ [29] 



57l(j5 + 1) 



Hence, to integrate a binomial differential of the proposed 
form, add 1 to the exponent of the parenthesis, divide the 
result by the new exponent into the product of the coefficient 
and the exponent of the variable within the parenthesis. 

It is to be obseryed that a constant factor may be set 
aside during the process of integration, and then intro- 
duced, as explained in Arti'^^'^' 61. 
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EXAMPLES. 



1. dy = {l+ x*)^xdz. Ans. y = ^^ "^/'^ 

2. dy = ■ Ans. y = Vc* + «• 
A 3. dy = 5x» tfoVT+U*. Ans. y = 4 (7 + 3a;*)*. 

lo 

4. rfy = (2 + Zx^)^xdx. Ans. y = 04 (^ + ^**)*- 

^ , 2xdx . 1 

5. ay = TT-. -4»«. y = — 



2°. The preceding formula fails when p = — 1 ; in that * 
case, we have, 

Eeplacing z by its value, 

f{a + fta;^)-V-^<?a; = ^Z(a + &b^) + (7 [30] 



EXAMPLES. 

1. rfy = 3(3 + Ax^y^^dx. Ans. y = |/(3 + 4a?»). 
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When the differential expression is a fraction in which 
the numerator is equal to the differential of the denomi- 
nator multiplied by a constant, its integral is equal to that 
constant into the Napierian logarithm of the denominator. 

6. dy = -r s --dx. 

Ans. y = /(aj* + a;« + a? + 1). 

3°. Let it be required to integrate the expression, 

, dx 

dy = ; 

assnme, 

a;* ± a* = «* ; whence, xdx = ^rf^; / 

adding zdx to both members and factoring, we have^ 

{x + z)dx = 2;(rfa; 4- dz) ; 

hence, 

eto _ dx _ dx + dz _ d{x + g) _ 
« "" V«* ± a* "^ x + z ^ a; + « ' 

applying the principle just deduced, we hjave, 

dx 



/ r- ^ — = l(?^ + 2;) + CI 



Replacing z by its value, we have, finally, 
dx 



C-p^=^ = \x + Va:« ± a«) + C7 [31] 
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1. rfy = 



dx 



EXAKPLES. 



1 d^ 



V4ic«-7 2 Vx* - J 



2. rfy = 



3(& 



Vaj« - 6* 



^n«. y = ^/(aj + V««-})- 



Ana. y = 3/(aJ + y/x* — 6). 



4^. Let it be required to integrate the expression. 



rfy = 



dl» 



V^oaj + 05* 



since, rfaj = d[a + a?), and 2aa: + «■ = (a + a?)* — a*, 
we have, 

/ dx __ / > rf(g -f x) 
^/2ax + a;* t/ V(a + a?)» — «•' 

which can be integrated by Formula (31); hence, 



4 



/ 



dx 



V2ax + x^ 



=:l\a + X + V2ax + x^l + O . . [32J 



1. dy = 



2dx 



EXAMPLES. 



dx 



v/3a; + 4x^ Vix + x^ 



Ans 



. y = l\x 



+ 3 + V^+ ar« 



)• 
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5^. Let it be required to integrate the expression; 



, dx 



Factoring, we have, 



dx _ 1 ( dx dx ) 

a* --x* "^ 2a\a + X a — a?)* 



Integrating, we have. 



But the difference of the logarithms of two quantities is 
equal to the logarithm of their quotient; hence, 

f^--k'°^.*<' t^j 

and in like manner, 

yl-^^ = — Z?^^+ G [341 



EXAMPLES. 



^- dx J, 1^3 + 0? 

«jf ^^ A 1 jX — 2 



1 
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• ' 



8. Given -^ = y, to find the relation between y and a; 

Multiplying both members by 2dyf 

^dyd*y ^ , d(dy*) ^ . 
-^=2yrfy, or-^ = 2Wy. 

Integrating, 

dx^ Vy « + G 

Integrating by Formula 31, 

X ^l{y + >v/y« + G) + C". 

d*8 
4. Given ^ = — w*«, to find the relation between « 

and /, t being the independent variable. 
Multiplying by 2cfe, 



Integrating, 



= — 2n^$d8. 



= (7— n^s^\ .\ dt = 



Integrating by Formula (20), 

^ = - sin ^ -— + (/'. 



Rational and Entire Differentials. 

65. An algebraic function is rational and entire when it 
contains no radical or fractional part that involves the 
variable. If the indicated operations be performed, eveiy 
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rational and entire differential will be reduced to the form 
of a monomial^ or polynomial differential, each term of 
which can be integrated by formulas (1) or (2). Thus, 
if the indicated operations be performed, in the expression, 

we haye, 

dy = g f 8a:« — 4a;» + 6a^m^zAdx. 

Hence, by integration, 

_ /I 3 1 g 3 3 \ 

"U'^ ■"12'' ■^2o^~32r • 

In like manner, any rational and entire differential may 
be integrated. 

Rational Fractions. 

66. A rational fraction, is a fraction wliosc terms arc 
rational and entire. When a rational fraction is the differ- 
ential of a function, and its numerator is of a liiglier degree 
than its denominator, it may, by the process of division, be 
separated into two differentials, one of which is rational 
and entire and the other a rational fraction, in which tlie 
numerator is of a lower degree than the denominator. The 
former may be integrated as in the last article ; it reniuiiis 
to be shown that the latter can be integrated whenever 
the denominator can be resolved into binomial factors of 

the first degree with respect to the variable. The method 

6 



i 



122 LNTEGBAL CALCULUS, 

of integration consists in resolving the differential coeffi- 
cients into partial fractions^ by some of the known methods^ 
then multiplying each by the differential of the yanabl^ 
and integrating the polynomial result There are four 
cases, depending on the method of resolving the differen- 
tial coefficient into partial fractions. Each case will be 
illustrated by examples. 

Mrst Case. — When the binomial factors of the denomi" 
nator are unequal. 

Let us have, 

^^ "" x^ - 6ic« + 11a; - 6 "" (x - 1) (a; - 2) {x - 3) 
Assume the identical equation, 

^ ^JL^JL „) 



(a;-l)(a;-2)(a;-3) a;-l a;-2 a — 3 

Clearing of fractions. 

2a; - 5 = A(x -2) (a; - 3) + B{x - 1) (a; - 3) 

+ qa;-l)(a;-2) (2) 

In order to find A, B, and C, we might perform the 
operations indicated in (2), equate the coefficients of the 
like powers of x, and solve the resulting equations; but 
there is a simpler method in cases like this, depending on 
the fact that (2) is true for all values of a;. 

3 

Making a; = 1, we find, — 3 = 2A; .•. ^ = — ^. 

Making a; = 2, we find, — 1 = — 5; .: B = 1. 
Making a; = 3, we find, 1 = 20; .'. •=■ 5. 
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Snbstitnting these in (1)^ multiplying by do^ and in* 
iegrating by Formula 30, we have, 

f .{2x-6)dx _ 3 Pdx . f dx 

«/ (a: - 1) (05 - 2) (a: - 3) ~" 2t/a:- 1 "V a?- 2 

Beducing the result to its simplest form, in accordance 
with the elementary principles of logarithms, we haye, 
finally, 

(a; ■ 2) {x^ 3)^ 
{X « 1)* 

EXAMPLES. 

-^- «y-a;«4.a?-2'"(a;-l)(a: + 2y 
^7W. y = 2?(a: - 1) + 3Z(a; + 2) = lUx - 1)* X (a; + 2)']. 

2 ^,y - (g -- 1)^ _ (a; - l)dx 
^ "■ a;« + 6a; + 8 " (a; + 2) (a; + 4)' 

Am. y = I- <-T. 



(x + 2)* 



^ , _ (2a? -f ^)dx _ (2a; + 3)<?a? 
^""a;8+a;«-2a:""a;(a;-l)(a; + 2)' 



J 7 (^-1)* 

x^lx 4- 2)* 
. , _ (3a;« - l)dx 

^"^^ a;(a; - 1 ) (a; + l)* 



\ 
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Second Case, — When smm of the binomial factors are 
equal 

In this case there are as many partial fractions as 
there are binomial factors in the denominator; but the 
denominators of those corresponding to factors of the 

form (x — a)^, are respectively of the form {x — a)***, 

{x — a) ^"" , {x — a)^"^, etc., down to a; — a. 

Let ns assnme, 






{x - 2)« {x - 1) 



assuming the identical equation, 



x^ + X 



B ^ a 



(a; - 2)« (a; - 1) "" (a: - 2)« a? - 2 a; - 1 

and clearing of fractions, we have, 



(1) 



a;8 + a; = ^(a;- 1) + B(x - 2) (a; - 1) + C{x - 2)». .. (2) 

Here again we might find the values of -4, B^ a:id C, by 
the ordinary method of indeterminate coeflScients ; but it 
will be simpler to proceed as follows : 



Making a; = 2, we find, -4 = 6; 

Making a; = 1, we find, C = 2 ; 

giving to A and C their values in (2), and then making 
a: = 0, we find, = — 6 + 25 + 8 /. 5 = — 1. 
Substituting in (1) and multiplying by dx^ we have. 



(a;2 + x)dx __ 6dx 
(a; -2)2 {x — 1) *" (a; -2)8 "" ^^^2 ^ a; - 1' 



c^a; 2(2b; 
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The first partial fraction can be integrated by Formula 
29^ and the others by Formula 30; hence. 



y = - 



«;(a.-2) + 2Z(a;-l) = --^ + ?i^^-^ 



aj — 2 ^ / - \ / a._2 « — 2 



EXAMPLES. 






In this example the equal binomial factors are of the 
form {x — 0) or x, and the assumed identical equation is> 

a;« -2 ABC D „, 



jr3(a; — 1) x^ x^ x a — 1 

Clearing of fractions, and performing indicated operations, 
we have, 

»« - 2 = -4a; - -4 4- Bx* - Bx + Ox^ - Cx^ + Dx^. 

Equating the coefficients of like powers in the two mem- 
bers, and solving the resulting group, we have, -4=2, 
j5 = 2, (7 = 1, and 2> = — 1 ; substituting in (1), and 
proceeding as before, we have, 

2a; + 1 , a; 
y= Z2— +^ 



x^ ^x-V 
« , xdx 



. 3 /a; + 3\3 

^ a; + 3 Va; + 2/ 
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Third Case. — TFAew some of the factors are imaginary j 
hut unequal. 

In this case the product of each pair of imaginary 
factors is of the form {x — aY + d^ ; instead of assnming 
a partial fraction for each imaginary fiEictory we assnme 
for each pair of such factors a fraction of the form, 

A -¥ Bx 
(a._a)2 +J2* 

xctx 

^^ ^y = (X + 1) {X* + !)• 

A^ssume the identical equation^ 

A+Bx^O ^jj 



(a; 4- 1) («■ + 1) X* + 1 SB + 1 
Clearing of fractions, and reducing, 

x = Bx* +{A+B)x+ A-h Ox^ + (2) 

I 
Equating the coefficients of the like powers of x in the two 

members, and solving the resulting equations, we haye. 

Substituting in (1), and multiplying by dx, we haye, 

xdx _ 1 (1 + ^)dx 1 dx 

{x+l){x^ + 1) ■" 2 SB« +1 2aTT 



__ 1 / dx xdx dx \ 

"" 2 \a«~-ri "^ «« + 1 " oTT/ 



Integrating by Formulas (14) and (30), and reducing, we 
have, 

1 X --1 1 7(«* + 1)^ 
V = r: tan x + -^ P . ' . 



2 2 a; + 1 
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Fourth Case. — When some of the binomial factors are 
imaginary and equal. 

In this case^ the denominator will contain one or more 

factors of the form [(a; — a)* + ft*]^; in determining the 

partial fractions^ we combine the methods used in the 

second and third cases. 

Let ns assnme, 

, _ x^dx 

Assume the identical equation, 

x^ Ax + B Cx + D ,^. 



(a* - 2aj + 2)« («« - 2a; + 2)« ' a;« - 2a; + 2 

Clearing of fractions, and proceeding as before, we find, 

^ = 2, j5 = - 4, (7 = 1, and 2) = 2. 

Substituting these in (1), multiplying by dx, and separating 
the fractions, we have, 

, __ 2a^ ^dx xdx 

^ ■" (aj« - 2a; + 2)« "" (aj* -2a:4-2)« "^ a;* - 2a; + 2 

^^^ .... (2) 



a;* — 2a; + 2 



Making (a? — 1)* + 1 = 2* + 1, whence a; — 1 = «, and 
d!a; = dzy we have, 

, _ 2(z + l)e?g 4^g ^_+V)dz _2dz^ 

^y- (i5«Vl)« (;28 + l)« s«+l ««+!' 



or. 



, __ 22;rf« Mz zdz Sdz 

^y - («f 4- iyi "• («« + 1)« "^ «8 + 1 «• + 1' 
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The first, third, and fourth terms can be integrated by 

known formulas; the second is a particular case of the 

dz 
form , which can be inte^ated by the aid of 

{z^ + 1)^ 
Formula 2>, yet to be deduced. 

Integrating the first, third, and fourth, and indicating 
the integration of the second, we have, 

Fi'om what precedes we infer that all rational differen- 
tials are integrable; consequently, all differentials that 
can be made rational in terms of a new variable are also 
integrable. 



Integration by Substitution, and RationalisEation. 

67. An irrational differential may sometimes be made 
rational, by substituting for the variable some function of 
an auxiliary variable ; when this can be done, the integra- 
tion may be effected by the methods of Articles 65 and 66. 
When the differential cannot be rationalized in terms of 
an auxiliary variable, it may sometimes be reduced to one 
of the elementary forms, and then integrated. The method 
of proceeding is best illustrated by examples. 



When the only Irrational Parts are Monomial. 

68. When the only irrational parts are monomial, a dif- 
ferential can be made rational by substituting for the 
primitive variable a new variable raised to a power whose 



% 
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exponent is the least common multiple of all the indices 
in the expression. 

rfy = ^Li^ (1) 



Let 

1 +x^ 



The least common multiple of the indices is 6 ; making 

X = «•, we haye, x* =^z^,x^ = 2*, x^ = «■, and dx = Qz^ck : 
these substituted in (1), give, 

rfy = ^l-II^fiez'^dz = - 6^2f:^dz. 
^ 1+2:8 «« + 1 

Performing the division indicated, we have, 

<^ = — 6 r^;'* — «« — 2;* + 2;* + 2;3 — «• — 2; + 1 



+ z^-^)^'- 



Integrating by known methods, and replacing « by its ' 
value, ir% we have, finally, 

y = — ja; » + -;r x^ -{- x — -x^ — -x^ 

+ 2xi + dxi - 6xi - 3Z(1 + x^) + etan-^a;^. 

When the only irrational parts are fractional powers 
of a binomial of the first degree, the differential can be 
rationalized by the same rule, and consequently can be 
integrated. 

Let us take the expression, 

dy = (a; + Vx + 2 4- \^xT^) dx (^) 

6* 
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Assnme, 

aj + 2 = «•, whence, a; = «• — 2, and dx = 6z*dM» 

Substituting in (2), we have, 

dy = («• - 2 + 2» + 2«)62»cfe= 6(2»» - 22» + «• + «'){&. 

Integrating, and substituting for z its value, {x + 2)*, W6 
haye, 

y = I (« + »)•- «(a^ + ^) + I («+»)*+ I (« + ^)* 

Binomial XMfferentiaUi. 

69. Eyery binomial differential can be reduced to the 

form, 

r 

dy = A(a + Wyx'^'^da^ (1) 

in which m, Uj r, and 8 are whole numbers, and n positive. 

Thus, the expression, (pT* 4- 2ar*)~ »a;'<&, can be re- 
duced to the form (1-1-2 o^^^x^dx by simply remoying 

the factor ari from under the radical sign. If, in this 
result, we make x = «*, whence, dx = ^^dz^ it will be- 
come, 4(1 -H ^^f^z^dz^ which is of the required form. In 
like manner, any similar expression may be reduced to 
that form. The constant factor, -4, may be omitted during 

T 

integration, and the exponent of the parenthesis, -, may 

be represented by a single letter jt?, as is done in Article 70. 
After integration, the factor may be replaced, and the yalue 

T 

of - may bo substituted for p. 
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FIBST CRITERION. 

Fonn (1) may be integrated by some of the methods 
explained in Articles 65 and 66, when - is a whole number. 



SECOND OBITEBION. 

Form (1) can be integrated when — is a whole number. 

1 

For let ns assume {a + bx^) = /, or, 2 = (a + ix^Y; we 
have, by solution and differentiation, 

'"=(-T-)'=^ =(-b-n 

and, 

Substituting in (1), we find, 

(a + bx^yx'^-'^dx = ^/^^) "* z^'-^'-'^dz ... (2) 

Which expression is integrable, as was shown above, when 

— is a whole number. 
n 

THIRD CRITERION. 

Form (1) can be integrated when — h -9 is a whole 

number. 

For let us assume, 

in <? w /a + bx \$ 

a + bx^ = «y, or, z = f ^— 1 . 
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Solving and diflTerentiating, we haye, 

11 1 m m 

and, 

x'^-^dx = - 'O^lz^- J)""^" s^'-^dz. 
Substituting in (1), and reducing, we find, 

T fn T tn T ^ 

(a + bzyx'^-^dx = - - a""*" V - *)"«"«" «♦"+*-*<?« 

(3) 

Which can be integrated, as was shown aboyey when 

— h -, is a whole number. 
n 8 



EXAKPLES. 

1. dy = {1 + x^)^x^dx (4) 

Here, — = - = 2 ; hence, the second criterion is satis- 
fy /« 

fied. 
Comparing (2) with (4), we find, 

« = 1, J = 1, ?i = 2, m = 4, r = 1, 5 = 2, and « = (1 + «•)». 
Hence, 

J\l +x^)K^dx =f{z^ - l)zHz = y - 5 

(1 + a;8)* (1 + x^)^ _ (3a;g - 2) (1 + g»)* 
*" 5 "" 3 "" 16 
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2. dy = — = dx{}. + a;«)" V* (5) 

•■-■- Tfl T 3 1 

Here, — 4.- = — -__=-.2; hence, the third crite- 

rion is satisfied. 

Comparing (3) and (5), we find, 

a = 1, J = 1, w = 2, m = — 3, r = — 1, « = 2, and 

VI + X* 
z = . 

X 

Hence, 

y^ dx /», , ^. , «» dz — z* 



_ (2a;« - 1) (1 + x^)i 
"" 3a;» 



Integration by Successive Reduction. 

70. When an integral can be made to depend upon a 
simpler integral of the same form, it is evident that by 
successive repetitions of the process, we may ultimately 
arrive at a form that can be integrated by one of the funda- 
mental formulas. This method of integration is called 
^he method by successive redtcction, and is efiected by for- 
mulas of reduction^ some of which it is now proposed to 
investigate. 

1°. If in the expression for a binomial differential, we 
omit the factor Ay represent the exponent of the paren- 
thesis by py and factor the result, we have, 

(a-f^fctrY^"^"^^^ = a;^~V + Wfx'^'^dai (1) 



r> - 
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Let u = a:*'*-^ and dv = {a -^ y^fJ!''^dz. 

Differentiating the first, and integrating the second by 
Formula (29), we have, 

du = (« - n)^-''-''dx; and v = ^"^^^^JS 

But, (a + InS'f^'^ = (a + Wf (a + W) \ 

_ a{a + Wf (a + ha^fJ*' 



Substituting in Formula (28), ve have, 

hn(p + 1) 



/,» . »^,p^-.^ = <i^!l''' 



Transposing the last term to the first member^ and le- 
dacing, we have, 

n(p 4- l)t/ ^ ' bn(p + 1) y 

_ a{m ^ n) ^ j^njp^m-n-l^ 
&;j(jo + l)t/ ^ ^ 

Dividing by the coefficient in the first member, we haye, 

_ ^(B^J>) fu + bxYx'>'-''-'^dx [A] 

b{pn + »?>/ 
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Formula A enables us to reduce the exponent of the 
variable without the parenthesis, by the exponent of the 
variable within the parenthesis, at each application. It 
fails when pn + wi = ; but in this case, the third crite- 
rion, (Art. 69), is satisfied, and the expression may bo 
integrated by a previous method. 

2®. The expressioh {a + hx^y^ may be placed under the 
form, 

or, a{a + fe;^"^ + *(« + Ix'^f'^x''; 
hence, we may write the equation. 



= of {a + bxY''^x'^''^dx + bf{a + bx''f''^x'^-*''''-'^dx 

(2) 

The last term of this equation can be reduced by 
Formula A. Eeplacing m by m + w, j3 by j9 — 1, and 
multiplying by S, that formula becomes, 

bf{a + bx''f''^x'^-^''''^dx 

^ {a^hx-fx^ _ _0M_C ^ j^y-\ra^Xax. 
pn + m pn +m*/ ' 

Snbstitating in (2), and uniting similar terms, we have, 
= (« + ^T'g^ + -P^!^—C{a + bx^f-^x'^-^d^ ... [5] 
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Formula B enables us to reduce thje exponent of the 
parenthesis by 1 at each application. It fails in the same 
case as Formula A. When m and p are negative, we 
endeayor to increase instead of diminishing them. For 
this purpose we reverse Formulas A and B. 

3°. Reversing Formula Ay and reducing, we have, 

a{m — 71) a{m — n) t/ ^ ' 

Replacing m by — wi + tj, we have, 

•/ ^ ' am 

h(pn - m + n)P ^y^-m+n-1^ r^^ 

am t/ ^ ' *• ■" 

4°. Keyersing Formula B, and reducing, we have, 

pna pna t/ ^ 

In this, substituting — p +1 for j3, we have, 

J ^ ' an{p — 1) 

an(;?— l)t/ ^ '^ 
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The mode of applying Fonnnlas A, B, C, and Z), will 
be illnstrated by practical examples. 

1. Let it be required to integrate the expression, 

(r* — x^yx^dx. 
In Formula A, making 

a = r*, J = — 1, w = 2, j9 = I, and m = 3, 
we find, 

yjri - x*)ix*dx = - (^' -^^') ^ + ^J\r* - x*)^dx 

(3) 

In Formula By making 

a = r*, i = — 1, w = 2, j3 = i, and m = 1, 
we find, 

(4) 

But fir* - a:«r*rfa; = f-p^= = sin-^-. 



r» — a;' 



Substituting this in (4), and that result in (3), we have, 
finally, 



f{r^ - x*)h^dx = - (^* -^^') ^ 



r*(r* — x^)*x . r* . ^\x 
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2. Let dy = ~ r= (- a« + x^yK-^dx. 

In Pornmla C, making a = — a*, J = 1, w = 2,/i = — 1> 
and 7?i = 2, we have, 

+ ak/*^- *' + *•)"*«"*<& (6) 

Bat by Formula (24), 

J^ y a; Va;* - «• <» « 

Substituting in (5), we have, for the yalue of y. 



f* dx _ (x* - g»)^ 1 _i» 



3. Let dy = ^^^y = {z* + l)-^dz. 

In Formula Dy making re = «, a = 1, i = 1, n = 2, 
p = 2, and m = 1, we haye, 



But, 
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Hence, we haye, for the yalne of y, 

J {z* + 1)«" 2{z^ + 1) ^ 2 ^ 

This is the method of integration referred to under the 
Fourth Case of rational fractions. By a continued ap- 
plication of Formula Z), any expression of the form, 

dz 
7—i — r\ny can be reduced to an integrable form. 

The following additional examples can be reduced to 
integrable forms by the application of Formulas -4, B,,C, 
and D. 

5. dy = (a* — x*)^dx. 

Ana. y = ««(«■ — «*)*+ -^sin""^-. 

' 6. rfy = (1 + x*)*x^dx. Am. y = — ^ — (1 + x*)^. 

_, , x^dx • , a* + 2 
7. dy = 7=-- — rt f. -4w5. y = -; =. 

^- ^= (TT^*- ^^^- 2^ = - 3(rT^)*' 

i% ^ , x^dx „ . a* — 3a; 3 . _i 

jL V 9. % = 7^ — — Tvf* ^w*- y = , — o sill ^ 

'^^ ^ (i-a;«)» ^ 2vr=^ ^ 



(' ' ^ o^C-y^-t- 1) 
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10. dy = —T-Tz zrl. Ans. y = 5— r — (1 — a;*)*. 

6®. Let it be required to simplify the expression, 

x^dx 



^/%ax — x^ 

Changing the form and removing the factor x from under 
the radical sign, we have, 

in formula Ay making, 

a = 2a, S = — 1, w = 1, j9 = — 1^, and m = w + |^, 

and reducing, we have, 

l{pn + m) = — w, and a{m — n) = 2a{n — i) = a(2w— 1) ; 

hence, 



/ 



x^dx X V^ax — x^ 



^/%ax - a;» ^ 

n "■ 



^ (2w - 1)« /» a;^-Va! j.^ 

€/ V2aa; — re* 



Formula J? enables us to reduce the exponent n by 1, 
at each application ; if w is entire and positive, by a con- 
tinued application of the formula we ultimately arrive at 

the form, /— - , which is equal to versin"" -. 

J ^/%ax—x^ « 



1. dj/i- 
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EXAMPLES. 

xdx 



V2ax — X* 



Ans. y = — V^flKc — «• + a yersin -. 



2. dy = 



V2x — x* 



Ans. y = 5 — V2a; — «• + ^ yersin ^«. 



3.rfy= ^'^^ 



V25^a;«* 



. 2a;« + 5a; + 15 /^ r .5 . _i 

Ans. y = V2x — a* + jr yersin ^x. 

6 2 



^Certain Trinomial Differentials. 

71. Every trinomial differential that can be reduced to 
the form 

{a'^bx±x*fx'^dx (1) 

can be made rational in terms of an auxiliary variable, 
and consequently can be integrated, when p and m are 
whole numbers. 

When p is even, the expression is already rational; 
when p is odd, say of the form 2n 4- 1, the expression 
becoAes, 

(a-hhx± a;8)^(a + bx±x^)h'^dx (2) 



in which the only irrational part is Va + bxdt x^. There 
may be two cases; first, when x^ is positive, and secondly, 
when X* is negative. 
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1**. When X* is positive. 
Assume^ 

Va + bx + x* =z z^x; .% a + Ja; + cb* = «• — 2zx + «• ; 
striking out the common term x^, and solying, we have. 



X=z 

and 



g» ~g , _ 2(g» + fa + a) ^ 

WTh' •'•^- (2i? + J)» "^ 



Substituting these in (2), the result will be rational 



EXAMPLES. 

Comparing (4) with (1), we find, a = 1, and i = 1. 
Hence, from (3), we have, 

Vr+TTT* - ?l±l±i and c?^ - ^^?^^^tA±i) ^ 
Vl + a; + a; - ^^ _^ ^ , ana c^a; - — p^-j--jp- ofe. 



Substituting in (4), and making z = x + Vl + «+«•, 
we hare, 

^y = 



2. dry = 



2s + 1' 

.-. y = Z(2« + 1) = ^(2a; + 1 + 2 Vl + a? + «»). 



ViiJ* — a; — 1 

-4w«. y = Z(2a; — 1 + 2Vx* — re — 1). 



a. dy=z 
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dx 



^Vl + a + a;«* 



Ans. y = ll 7 - Y 

V2 + a; + 2 Vl + « + «*/ 



2®. TF%^ »• w negative. 

Let a and be taken so as to satisfy the^qnation, 

a 4- to — «• = (« — a)(/3 — a;) (6) 

AiSSTUxie 



Va + te — «* = V(« — a)(/3 — a;) = (a; — a)»; 

squaring and reducing, we have, 



/3 
hence, 



- a; =:: (a; - a)2« ; or, « = i/-^— |; 



a; 
and 



_ /3 + agg ^ _ _ 2(i8 - a)grfg 
"^ 1 + 2« ^ (1 + 2«)« ^ 



Vi + to3^ = 4^^ (6) 

These yalues substituted in (1), will make it rational 



EXAMPLE. 



X.J. dx dx 

jjet av = — — = — ; 

^ ^%^,x^ x^ V{xV^){l - x) 

.'. a = — 2, and ^ = 1 (7) 
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From (C), we have, 



also z = 



y x + 2' 



SnbstitntiDg in,(7), we find, 



^y=-rr^'-'-^ = -''^^'' *2=-2tan ^j/^^. 



Integration by Series. 

72. It is often convenient to develop a differential into 
a series, arranged according to the ascending powers of 
the variable, and then to integrate each term separately. 
This method sometimes enables us to find an approxi- 
mate value for an integral, which cannot be found in any 
other manner ; it also enables us to deduce many useful 
formulas. 

EXAMPLES. 

1. c?y = a;^(l — x^ydx. 

Developing (1 — a;*)* by the binomial formula, and 
multiplying each term by x^dx, we have, 



, , 2 a;* a;« x^ , . , 

^y - (^* - 2" "■ 8" " 16"" ^*^-)^^- 

_ x^ x^ x'^ «• 
•'• ^"3" ""10"56 "144""^*^ 



*• ^y = rfe = ^"^(^ + '^'>"^- 
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By Formula (14) y is equal to tan~^a;. Developing by 
the binomial formula, we have, 

(1 + a;')""^ = 1 — a;« + «* — a;« + a;» — a;*® + etc- 

Substituting, and integrating, we have the Formula, 

^ _l x^ x^ x'^ ^ x^ , 
tan ^=^ — 3"+5 7"'*"9 ®"^ 

3. dy = 3^ = dx{l + x)-^ 

= (1 — a; + «* — «» + etc.)<fo 

/v8 />j3 /p4 

A y = ?(1 + a;) = a; - ^ + g- - -J- + etc. 



4 eZy = /^ = dx{l - a;^)"^ 
Vl — a;* 

. -.1 . a;3 , 3a;« 3.5a;'' . ^ 

^n..y=sm x = x + ^^^ + ^^ + ^^^ + et^ 



Integration of Transcendental Differentials. 

73. A transcendental differential is one that is expressed 
in terms of some transcendental quantity. There are three 
principal classes; viz., logarithmic, exponential, and cir- 
cular. 

IjOgarithmic Differentials. 

74. A large number of cases come under the general 
form, 

dy = x'^-'^ij.xfdx, (1) 

7 
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ABSome, 



u = (&)", and dv = ol^'^Ax; 
Bubstituting in Formula (28), and reducing, we baye> 



/. du = -^— ^ and v = — » 



y =J>-\lxfdx = "^^^ -^fx'^''Hlxf^dx...iF] 

Formula J* is a formula of reduction; it reduces the 
exponent of {Ix) by 1 at each application^ 



EXAMPLB& 

1. dy = x{hydos. 

Ans. y = f (te)» - ^(&). + ^(U) - ?|!. 

2. dy = «»(te)e?ic. -4w5. y = \^ ' — jg • 

3. cfy = a;» (&)»<&. 

^n^. y = ^((te)» - |(Za:)« + |(te) - A). 

Reversing Formula i^, and reducing, we have, 

Beplacing « — 1 by — n, and reducing, we have, 

(to)" (n - 1) (to)"-* ^ n-\J '(tef "* 

[G"] 
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The continued application of fonnula gives as a final 

/► Wl— 1 JUj 
—7T^ — 9 which can be integrated 

by series. It fails when n = 1. Let m = 0, and n = 1 ; 
we then haye, 



Bzponential Di£ferentials. 

75. Let it be required to integrate an expression of the 
forin^ 

dy^J^cPdx (1) 

Assume, 

t* = ai"*, and dv = cPdxi .•• du = mo^'^^dx^ and i; = t-- 
Substituting in Formula (28), 

When f?K 1, we have, 

•^ «^ (i» - l)a;^-l w- l*^a;^-l ' ^ 
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EXAMPLES. 



1. dy = xcPdx. Ans. y = i~\^ — 7- )• 

3. dy — X a^dx. 

3. dy = — ^ . Ans. y = h / . 

^ X* ^ X J X* 

But by means of McLaurin^s Formula, we find. 



m x^ a;' flj* , 



hence, 



/? =/(f + ^ ^ s ^ ^} 



= ^ + " + iS+rn3+«*^ 



which, being substituted above, gives. 



e* , . a;* . ic' . 



4. e?y = x^e^dx. Ans, y = e®(a;* — 2a? + 2). 



Oircular Differentials. 

76. Circular differentials may be integrated by the 
methods of transformation and successive reduction^ or 
they may be reduced to algebraic forms by making 
eina; = 2. 
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EXAMPLES. 



1, Let dy = -: — . 



Prom trigonometry, we have, 

sino; = 2sin<ia;co&|a; = 2tan^a;cos*^2^ 



or. 



Hence, 



dx ^ dx __ e?(tanj<r) 

sina "" 2tan^a«os'^a; "~ tan^a; ' 



/^ = ^(*-*-) • • • • • (1) 



dx 
2. Let <?y = 



cos^i; 



If we make x equal to 90° — a? in the preceding formula, 
and reduce, we have, 

dx 
3. Let t?y = 



tana; 
From trigonometry, we have, 

sina; dx ^ax50sa; t?(sina;) 

tanaj = ; or, r — = — : = -^-! — -^ 

cosa; tana; sma; sina; 

Hence, 
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4. Lei/ dy = — r-- 
^ cote 

Making a; equal to 90° — n; in (3), and reducing, we hxf^ 

*dx 



fi 



^^=-?(oo«:) (4) 

6. Let dy = -; '-. 

From trigonometry, we have, 

sin2;cosa; = |sin2a;; 

we also have, 

dx = irf(2aj) ; 

hence, 

&; _ d{^x) 

sinrccosa;"" 8in2a;* 

Applying Formula (1), we have, 

dx 



/i 



- = Z(tanaj) (6) 

sinajcosa; ^ ' ' 

Let us have the expression, 

dy = sin^'^axjos^a^ (6) 

Making sina; = «, whence cosa; = Vl — «*, 

and cfe = . 

Vl - «• 

we have, 

n-1 

rfy = Al - 2') ^ ^ (7) 

Form (7) can always be integrated when m and n are 
whole numbers, because it will then satisfy one of the three 
criterions (Art 69), 
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6. dy = sin'iccos'a^a^ 

Comparing with (6), we find f» = 2, and n = 3 ; hence, 
from (7), we have, , 

€^ = (1 — z*)z*dz; .'. y = « -jT = Bin»a?(J — -^sin'o;). 

7. Let df/ = sin'iccfo. 

Here f» = 3, and n = 0; and c?y = (1 — a*)'""«'{fe; 
making « = a,a = l, J=— 1, n = 2,^=— t, and m = 4, 
in Formula -4, we have, 

V 

/(I - «.)- i..& = - ili:|)^ + 1/(1 - ».)-*«&. 

But from Formula (29), 

J\l - z*)''izdz = - (1 - ««)*; 
hence, 

y = - 1 (1 - z*)K* - |(1 - «•)* = - icosa;(sin«a; + 2). 



8. Let dy = cos'rwfe = dzVl — «•• 
Applying Formula (i?), we find, 

/(I - z*)idz = 1(1 - z»)iz + if^^i. 
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Hence, 

y = -(cosa:sina5 + x). 

9. Let dy = J^= 3 f^ = (1 - ««)'" V»rfi; 
Applying Formula C, we have, 

But, 
f(l _ ..)- Virf, = r— A_ =. /!a- = ^(tani:.). 

Hence, 

cosa; .1,,, , V 
y = — o • ft + TrMtanla;). 

10. Let % = -~^ = ,., "^"^ ,,, = (l-z«)" V«d& 

By Formula Z>, we have, 

/(I - s2)"Virfs = ^ (^ ~ 2')"V/(1 - s«)"Vidfe. 
But, 



/(I - ..)- v.* =/ 



dz 



Vl - S2 Vl - 2* 



= /-; = Wtana;). 

J sinajcosa; ^ ' 

Hence, 



^ 2cos«a; ^ ^ 
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11. Let dy = tan*a^a; = (1 — z^Y^^z^dZy 

y = l^tan'o; — tana? + x. 

EXAMPLES IN SUCCESSIVE INTEGRATION. 

12. d^y = smajco8*a;rfa;* = sina;(e?sina;)*. 
Making sinic = Zy whence, d^y = z{dzY, we have^ 



or. 



sin^*z7 
y = — ^ f- Crnix 4- O. 



13. rf*y = cosirsin*a;Jir* = cosa;(<fcosa;)* ; 

a(cosa;) 2 
and 

2^ = - cos'ic + Ccosaj + (7. 



6 



- - ,, dx^ 

14. rf«y = - -^; 

.-. :~ = - + (7; or, V = te + CEb + C 
ax X ' ^ ij 

Xntegration of Differential Functions of two Variables. 

77. A total differential of a function of two variables is 
of the form, 

dz = Pdx 4- Qdy (1) 

7* 
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In which P and Q are functions of x and y ; but differ- 
ential expressions of that form are not necessarily total 
differentials. That they may be so, they must (Eq. 6, 
Art 26), satisfy the condition, 



dP^dQ 
dy "^ dx 



(2) 



When an expression of the form (1) is to be integrated, 
we first apply the test expressed by (2) ; if that be satisfied, 
the expression is integrable. To perform the integration, 
integrate one of the partial differentials with reference to 
its corresponding variable, that is, as though the other 
variable were constant, and add such a function of that va- 
riable as will satisfy equation (1). Thus, to integrate ex- 
pression (1), we have. 



=/ 



Pdx + jB (3) 



in which JB is a function of y alone. The value of R may 
be found by differentiating the second member of (3) with 
respect to y, and placing its partial differential coefficient 
equal to Q» Hence, we have, 



dfPdx 



+ ?? = e. 



dy dy 

Transposing, multiplying by dy^ and integrating with 
respect to ^, that is, as though x were constant, we find. 



P( dfPdx\ 



dy 
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Substitnting in (3), we find, 

,=fpdx+f{Q-^J^)dy (4) 



EXAMPLES. 

1. {fe = dx*y*dx + 2x^y<fy. 

Here P = Sx*y*j and Q = ^x^y^ and (2) is satisfied- 
Integrating by Formula (4), we hare, 

z = x^y* + f\2x^y - 2x^y)dy = ««y « + 0. 

The test (2) is satisfied. Integrating by (4), we haye, 
z =zyx -\- l\xdy — xdy)dy = ya; + C 

By Formula (4), we have, 



z 



=iv(*-?+^)*=i+»'*« 



4. & = (6a;y — y^)dx + (3a;« — ^xy)dy. 

% = gafty — y^x + /(3a;« — 2ay — 3«« + 2icy)<^ 

= 3a;*y — y'a? + tt 



PAKT IV. 

APPLICATIONS OF THE mTEGEAL CALCULUS. 



I. Lengths of Plahtb Curves. 

Rectification. 

78. Rectification is the operation of finding an expres- 
sion for the length of a curve. This may be done by 
finding an element of the length, as explained in Art 51, 
and then integrating it between proper limits. If we 
apply the integral sign to Equation (1), Art 51, we have, 

L =zj^/dx^ + dy^ (1) 

P. To rectify the semi-cubic parabola, whose eqtiation is, 

y^ = a^oi^. 
Differentiating and substituting in (1), we have, 

L = Tafi.^* + ^y)^^y (2) 

Integrating by Formula (29) , we have, 

L = ^{U* + ^y)'^ + C (3) 

As explained in Art 60, this integral is indefinite, and 
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expresses the length of an arc from any ordinate up to any 
other ordinate. 

If we estimate the length from a point whose ordinate 
is 0, the length at that point is 0, and, from (3), making 
Ly and y = 0, we have, 

Substituting this value of C in (3), and denoting the cor- 
responding value of L by L\ we have, 

• 

This is a particular integral, and it expresses the length 
of the arc from the particular ordinate 0, up to any 
ordinate y. 

If we wish to find the length from the particular ordi- 
nate 0, up to an ordinate h, we make y = J, in (4). Doing 
so, and denoting the corresponding value of L' by i", 
we have, 

X" = l^(4«« + 95)4-|! (5) 

This is the definite integral, and expresses the length of 
the arc from the ordinate 0, up to the ordinate h. 

In this case the limits are and h ; the integral may be 
found otherwise, as follows : 

Making y = 0, in (3), and denote the corresponding 
value of L by L^^ we have. 
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Making y = by in (3)^ and denoting the corresponding 
value of L by i^, we have, 

Equation (6) expresses the length of the cunre from any 
point up to the point whose ordinate is 0, and (7) ex- 
presses the length of the arc from tiie same point up to a 
point whose ordinate ub; the first taken from the second 
will therefore be the definite integral, and will express, as 
before, the length of the arc from the point whose ordinate 
is 0, up to the point whose ordinate is b, Makiug the 
subtraction, and adopting the notation explained in Art. 60, 

we have, 

b 

The saihe result as found in (5). In this case the initial 

J* 

abscissa is and the- terminal abscissa is - • 

a 

2"". To rectify the cycloid, whose differential equation 

(Art 56), is 

ax=.±-M=, (9) 

Substituting, in (1), and reducing, we have, 

L = V2rf{2r - y)''hy (10) 

Integrating between the limits and 2r Formula (29), 

we have, 

2r 

//'= V2rf{^r---y)-hy = 4r (11) 
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This IS the expression for half of one branch. Hence, the 
whole branch is equal to eight times the radius of the 
generating circle. 

3^. To rectify the drcUy whose equation is, 

Differentiating, substituting in (1), and developing by 
the binomial formula, we have, 

Z = rj{r* — x^y^dx =f{dx + ^-^ . x*dx + ktzi • ^*^ 

Performing the integration, making r = 1, and com- 
mencing the arc at the point whose abscissa is 0, that is, 
at the upper extremity of the vertical diameter, we have, 

Formula (13) may be used for finding the length of an 
arc, but the series is not very converging, and therefore 
the process is tedious. We know, when a; = ^, that L' is 
equal to an arc of 30°, that is, to ^. Making L' = ^, 
and X =^,we have, 

6"" = 2 ■*" 2^2:3 ^ pk^S "^ 2^2.4.6.7 + ^^'^ = -^^35987 ; 

.-. -r = 3.1415 (14) 

4**. A better method for deducing the value of at, is to 
find the length of the arc, in terms of its tangent. 

It L = tan"^a;, we have (Art. 18), 

1 + a;* ^ 
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Developing by the binomial formula, we have, 

dL = dx{l — a;« -f a* — a;» + jb® — etc.) (15) 

Integrating, and determining (7, as before, we have. 

To render (16) converging, x must be made smalL 
Assume the trigonometrical formula, 

, , . _ tang + tan& 
^ ^ ~" 1 — tanatan^ 

and let a = tan" m, h = tan"~ w, and a + J = tan"" «; 
then will 

2 = . ; or, n = r-- (17) 

1 2 

If 2 = 1, and m = -, we have, w = ^ ; 

/. tan~ 1 = tan~ - + tan~ 5. 

If g = -, and m = T, we have, n = j;^'y 

, _l2 . -il . , -1 7 
/. tan o = tan -r + tan — r. 
o o 17 

7 1 9 

If « = — , and m = -, we have, w = — ; 

.-. tan ^--7 = tan ^- + tan — . 
If « = 7^, and m = -, we have, n = — 



^, ^^^ - ^, „v. x.c.,v., - ^^Q, 



, _l9 . -il X -1 1 
/. tan — r = tan - — tan 



46 5 239 
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Hence, by successive substitution, we find, 

J = tan-ll = 4tan-li-tan-l^ (18) 

If we make a? = -, in Equation (16), we find the value of 

o 

tan"" -, and in like manner, we find the tan"^ ; sub- 

stituting them in (18), and reducing, we have the value of 
ne. With very little labor, the value of «* may be found to 
8 or 10 places of decimals. 



II. Areas of Plane Curves. 

Quadrature. 

79. Quadrature is the operation of finding an expression 
for the area of a portion of a plane bounded by a curve, 
the axis of abscissas, and any two ordinates. This is done 
by finding an expression for the elementary area, as ex- 
plained in Art. 61, and then integrating the result between 
proper limits. Applying the sign of integration to For- 
mula (2), Art. 51, we have. 



^ = 



--fydx (1) 



1**. To find the area of a parabola, whose equation is, 

y8 = 2px. 
Finding the value of y, and substituting in (1), we have, 

A = V2p fx^dx = gV2p .x^ + (2) 
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If we commence the area at the ordmate 0, we haye^ 
(7 = 0; hence, 

A' = l^/2^.xi = ^yx (3) 

That is, the area of any portion of a parabola^ reckoned 
from the yertex, is two-thirds the rectangle of its terminal 
co-ordinates. 

2^ To find the area of a circle^ whose eqiuUion i9. 



y = Vr* — «•. 
Substituting in (1), we find, 

A = /(r« - a;«)*Ac (4) 

Reducing by Formula B^ and integrating the last term 
by Formula (20), we haye, 

^ = ^^^^4^* + fsin-l^ + a (5) 

Taking the integral between the limits, a? = and x ^=it^ 
which giyes the area of a quadrant, and remembering that 

sin""^ 1 — sin""^ = ^, we haye, 

A'' = ?[sin""^ 1 - sin""^ 0] = ^; /. Area ^'Kt* .. ..(6) 
3®. To find the area of the ellipse^ whose eqiiation is, 
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Substituting in (1), and integrating, as in the last example, 
we haye, 






(7) 



Integrating f]X)m a; = to a; = a, and multiplying by 4, we 
hayei for the area of the ellipse, 

4^" = «'aft (8) 

4^ To find the area of the cycloid^ whose differential 
eqttation is, 

v2ry — y* 
Substituting in (1), we find, 

A = f y^^y (9) 

J ^/'itry — y* 

Applying Formula E twice, and Formula (26) once, we 
find, 

_ yVf^y - yg 
A^ 2 

+ o^f— V2ry — y* + rrersin""^^ + C. 

Taking the integral between the limits y = 0, and y = 2r, 
and multiplying by 2, we find, for the area of the cycloid, 

2^" = 3*r« (10) 

That is, the area between one branch and the directing 
line is three times the area of the generating circle. 

6°. To find the area of the logarithmic curve, whose 
equation is, y = lx. 
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Substituting in (1), we haye, 



A =:J{lx)dx .... (11) 



Making m = 1 and w = 1, in Formula F, and redncing, 
we have, 

A=:xlx — X + (12) 

If we commence the arc at the ordinate corresponding to 
-K = 1, we have, (7=1, and 

A' = x{lx-1) + 1 (13) 

6°. To find the area of a rectangular hyperiolay bounded 
by the curve, one asymptote, and any two ordinates to that 
asymptote. 

Assume the equation, 

1 

xy = m, and make m = 1, whence y = -• 

Substituting in (1), we have, 



/dx_ 
X "" 



Ix-^-O (14) 



Commencing the area from the ordinate through the vertex, 
where a: = 1, we have, (7=0; hence, 

A'=zlx (15) 

That is, the area commencing from the ordinate through 
the vertex is the Napierian logarithm of the terminal ab- 
scissa. Had we not made m = 1, we should, in like man- 
ner, have found 

A' = mix. 

In which the area is equal to the logarithm in a system 
whose modulus is m. 
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ni. Areas of Surfaces of Eevolution. 

Surfaces Generated by the Revolution of Plane OxueveB. 

80. The area of a portion of a surface of revolution, 
bounded by two planes perpendicular to its axis, is de- 
termined by finding an expression for an elementary zone, 
as explained in Art. 51, and integrating the result between 
proper limits. Applying the sign of integration to For- 
mula (3), Art. 51, we have. 



S 



=:j2^t/Vdx^ + dy^ (1) 



1°. To find the surface of a spherey the equation of the 
generating circle being ^ y =z {r^ — a:*)*. 

Differentiating, we have, dy = — (r^ — x^)''ixdx; sub- 
stituting the values of y and dy in (1), and integrating 
from — r to + r, we have, 

r 
8" = 'it'KrJdx = 4^r8 (2) 

Hence, the area of the surface of a sphere is equal to four 
great circles, or to two-thirds the surface of the circum- 
scribed cylinder. 

2°. To find the surface of a right cone. 

The equation of the generating line, the vertex of the 
cone being at the origin, is 

y z= ax; .'. dy = adx. 
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Substituting in (1), and reducing, we haye, 

3 = f^aVl + a*Jxdx = «'««• Vl + «• + C (8) 

If the initial plane pass through the yertex, we haye, for 
that plane, 8 = 0, and x = 0, whence 0=0; hence, 

8' = ^ax^Vl + a« = ^ry X xVl + a* (4) 

But a is the tangent of the semi-angle of the cone, and 

consequently xVl + a* is the slant height; 2«y is the 
circumference of the coneys base ; hence, the conyex sur- 
face is equal to half the circumference of the base into the 
slant height. 

3°. To find the surface of the paraboloid of revolution. 
Assume the equation y* = 2pXf whence, 

y = V^Xy ahd rfy* = ^ cfo*. 
Substituting in (1), and reducing, we haye, 

8 = 2* f{p* + 2px)idx = ^ {P* + 2px)i+ C (5) 

If the initial plane pass through the yertex, we haye, 

= ^+0; .'.0=-^. 
Which, in (5), giyes, 

4*. To find the surface generated ly revolving one Iranch 
of a eycknd about its base. 
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Assnming the equation, dx = do — =^====, and snbsti- 

v2ry— y« 

tuting in (1), we have, 

S = 2'frV2rj\2r - yy^ydy (7) 

Applying Formula A^ and integrating the last term by 
Formula (29), we have, 

5= - ^V^]^y(%r - y)i + |:(2r - y)i] + G. 
Integrating between the limits y = and ^ = 2r, we have, 

5"=Y*r« (8) 

This is the surface generated by half of one branch. 
Hence, to find the whole surface, we multiply by 2. This 
gives 



IV. Volumes of Solids of Revolution. 

Cubature. 

81. Cubature is the operation of finding the volume of a 
solid. When this is bounded by a surface of revolution 
and two planes perpendicular to its axis, the volume may 
be ascertained by finding the volume of an element 
bounded by two such planes infinitely near to each 
other, as explained in Art. 51, and then integrating the 
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result between proper limits. Applying the sign of inte- 
gration to Formula (4), Art 61, we have, 



V = 'Jy^dx (1) 



1®. To find the volume of a sphere. 

Assume the equation, y* =zr* r~ a;*, and combine it with 
(1) ; we have, 

V = ^Jir^dx - x\dx) = ffW^x - |^] + C^- 

Taking the integral between the limits, as = — r, and 
a; = 4- ^, we find. 

That is, the volume is eqtcal to the surface ly one-third the 
radius, 

2°. To find the volume of a spheroid of revolution. 

There are two species of spheroids of revolution. 

1st. The prolate spheroid, generated by revolving an 
ellipse about its transverse axis. 

2dly. The ohlate s^AeroicZ,. generated by revolving an 
ellipse about its conjugate axis. 

1st. The prolate spheroid. In this case the equation of 
the meridian curve is, y^ = —(a* — x^). Substituting 

this in (1), and integrating between the limits a; = — a, 

and a; = + a, we have, 

V" = n^f{a^ - x^)dx = ^ich^a = |r5« X 2a (3) 

—a 
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That is, the volume is equal to ttoo-thirds of the circwn- 
8(yrihiug cylinder, 

2dly. The ohlute spheroid. In this case, if the conjugate 
axis coincide with the axis of x, the equation of the meri- 

2 

dian curve is, y^ =—{b^ — x^). Substituting in (1), and 
integrating from — J to + &, we have, 



F" = traH = |ra« X 2b (4) 



Hence, as before, we have, the volume equal to two-thirds 
the drcum^crihing cylinder. 
In both cases, if a = S = r, we have, 

V" = I'rrs (5) 

This hypothesis causes the ellipsoids to merge into tlie 
sphere. 

3°. To find the volume of a paraboloid of revolution. 

The equation of the meridian curve is, y^ = 2px, Hence, 
from (1), we have, 

V = 2irplxdx = irpx^ + G (6) 

If the initial plane pass through the vertex, we have 
(7=0, and 

V' = 'trpx^ = flry« X ia? . . . . (7) 

That is, the volume is equal to half the cylinder that has the 
same base and the same altitude. 
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4°. To find the volume generated by revolving one branch 
of the cycloid about its base. 

The differential equation of the meridian corye Up 

dx^—M=^ 

hence, from (1), we have, 

y^dy 



='/ 



V^ry — y* 

Keducing by Formula Ey integrating the last term by Poiv 
mula (26), and taking the integral between the limits, 
y = 0, and y = 2r, we find, for one-half the yolume 
required, 

V" = 5^«r», or 2F" = 5*«r8 = 5^(2r)' X 2^r (8) 

Hence, the volume is equal to five-eighths the circumscribing 
cylinder. 

6°. To find the volume generated by revolving the logarithm 
mic curve about the axis of numbers. 

The equation of the generatrix is y = te. Hence, 



= 'irflhydx (9) 



Eeducing by Formula F, we haye, 

r = ir[x{lxy - 2{xlx - x)] + 0. 

If the initial plane pass through the point whoae 
abscissa is 1, we have, (7 = — 2flr. Hence, 

V = ir[x{lx)» - 2{xlx -« + !)] (10) 



PAKT V. 

APPLICATIONS OP THE DIFFERENTIAL AND 
INTEGRAL CALCULUS TO MECHANICS AND 
ASTRONOMY. 



I. CEirniB OF Gravitt. 

82. In what follows, bodies are supposed to be homoge- 
neous ; the weight of any part of a body is therefore pro- 
portional to its volume, and consequently the weight of 
the unit of volume may be taken as the unit of weight. 
Points, lines, and surfaces are supposed to be material: 
A material point is a body whose length, breadth, and 
thickness are infinitesimal; a material line is a line 
whose length is finite, and whose breadth and thickness 
are infinitesimal; a material surface is a body whose 
length and breadth are finite, and whose thickness is infi- 
nitesimal; under this supposition a point is an elementary 
portion of a line, a line is an elementary portion of a sur- 
fece, and a surface is an elementary portion of a solid. 

The weights of the elements of a body are directed 
toward the centre of the earth, and because the bodies 
treated of are exceedingly small in comparison with the 
earth, these weights may be regarded as a system of par- 
allel forces ; hence, the weight of a body is equal to the 
sum of the weights of its elements and is parallel to 
them. 
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The centre of gravity of a body is a point through which 
its weight always passes. This point may be found by the 
principle of moments, which may be enunciated as follows : 
the moment of the resultant of any number of forces, with 
respect to an axis, is equal to the algebraic sum of the 
moments of the forces, with respect to the same axis. 
{Mechanics, Art. 35.) 

In applying this principle, we assume the following re- 
sults of demonstrations in mechanics : 1°. The centre of 
gravity of a straight line is at its middle point ; 2°. The 
centre of gravity of a plane figure is in that plane ; 3°. If 
a plane figure have a line of symmetry, its centre of gravity 
is on that line ; and 4°. If a solid have a plane of symmetry, 
its centre of gravity is in that plane. {Mechanics, Arts. 44, 
45, 46.) 

To deduce general formulas for finding the centre of 
gravity of a body, assume a system of co-ordinate axes that 
are to retain a fixed position with respect to the body, but 
that change position when the body moves; denote the 
volume, and consequently the weight, of any element of 
the body by dv, and the co-ordinates of its centre of 
gravity by x, y, and z; denote the weight of the body by 

V =. I dv, and the co-ordinates of its centre of gravity by 

x^, y^, and z^. 

If the body be placed in such a position that the plane 
xy is horizontal, the weights of the elements and of the 
body are parallel to the axis of z, the moment of the body, 

"with respect to the axis of y, is x^l dv, the moment 

of any element, with respect to the same axis, is xdv. 
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and the algebraic sum of the moments of all the elements 
islxdv; hence, from the principle of moments, we haye, 

y» p fxdv 
dv = Ixdv ; :. x. =r-- — (1) 
J fdv 

In like manner, we have. 



Vi /^^ =Jydv ; .-. yi = "7^- 



(2) 



If the body be turned about so that the plane yz is 
horizontal, we have, in like manner, 



y» p Jzdv 

dv = Izdv ; .•. z^ = -ji — 
J Jdv 



(3) 



When the body is in a plane, that plane may be taken 
as the plane xy, in which case z^=0) if the body have an 
axis of symmetry,that may be taken as the axis of a, in 
which case z^ = 0, and ^i = 0. 

Centre of Gravity of a Circular Arc. 

83. Lot the radius perpendicular to the chord of the arc 
be taken as the axis of x ; then will z^^ and y^ be equal to 
0. Denote the radius of the circle by r, 
the chord by c, and the arc by A. The 
origin being at the Centre, the equation of 
the arc is, y^ z=z r^ ^ x^ \ hence, 

(iif = y/dx* + dy^ = A/^dy^ + dy^ 

__ rdy __ rdy 

12* 
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Substituting in (1), and integrating between the limits, 
y = — Jc, and y = + Jc, we bare, for the numerator^ 



+ ic 
Jrdy 



= rc. 



and for the denominator, 

/ r y — _ ^["gjj^-l ^ _ sin""^ ^^ = arc ABC. 



Hence, 



x^ = 



= 7-H7;# or arc ABO : c :: r i x*. 



That is, the centre of gravity of the arc of a circle is on the 
diameter that bisects the chords and its distance from the 
centre is a fourth proportional to the arc^ its chords and 
the radius. 



Centre of Oravity of a Parabolio Area. 

84. Let the area be limited by a double ordinate, and 
denote the extreme abscissa by a. From the equation of 
the curve, y^ = 2pXy we have, 

y = V%? . a: * . 

/. dv = ydx = a/2^ . ^dx, 

and xdv = V2^ . x^dx. 

Substituting in (1), and integrating between 

the limits and a, we have, Pig. n. 




«, = g«. 
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Tliat is, the centre of gravity is on the axis, at a distance 
from the vertex eqtuil to three-fifths the altitude of the 
segment. 



Centre of Gravity of a Seml-ellipioid of Revolution. 

85. Let the axis of the ellipsoid be taken as the axis 
of X. Then, if the origin be taken at the centre, the 
equation of the generating curve is 

y» = |I («» - X*). 
In this case, we have, 

dv = *y^dx = «' — (««— x*)dxy 




Fig. 18. 



*« 



and xdv = * -% (a^x — x^)dx. 

a*^ ' 

Substituting in (1), and integrating between the limits 
x^% and « = a, we have, 



8 



16 



That is, the centre of gravity of a semi-prolate spheraid 
of revolution is on its axis of revolution^ and at a distance 
from the centre equal to three-sixteenths the major axis of 
the generating ellipse. 

If we change a to i, and i to a, we find for the semi* 
oblate fifpheroid, 
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Centre of Gravity of a Gone. 

86. Let the axis of the cone be the axis of x, and the 
vortex of the cone at the origin ; denote the altitude by A, 
and the radius of the base by r; then will the tangent of the 

T 

semi-angle of the cone be t, the equation of the generating 

T 

line will be y = t a;, and we have, 

dv = ley^dx = ^r" -~ x^dx. and ocdv = ir r— x^dx. 

Substituting in (1), and integrating between the limits 
and h, we have, 

^ 4 

Centre of Gravity of a Paraboloid of Revolution. 

87. Let the axis of the paraboloid be taken as the axis of 
X. The equation of the parabola being y^ = 2px, we have, 

dv = 2'jrpxdx, and xdv = 2'jrpx^dx, 

Substituting in (1), and integrating from x = to x=z a, 

we have, 

2 

3 



x^ =z -a. 



IL Moment of Inertia. 

Definitions and Preliminary Principles. 

88. The moment of iiiertia of a body with respect to an 
axis, is equal to the algebraic sum of the products obtained 
by multiplying the mass of each element of the body by 
the square of its aistance from the axis. If we take the 
axis through the centre of gravity of the body, and denote 
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the mass of an element by dm^ its distance from the axis 
by a, and the moment of inertia by K^ we have, 



E-jx^dm (1) 



If we take any parallel axis at a distance d from the 
assumed axis, and denote the moment of inertia with 
respect to it by E\ we have {Mechanics^ Art 123). 

IC zzzK^md'^ (2) 

Moment of Inertia of a Straight Line. 

89. Let the axis be taken through the centre of gravity 
of the line and perpendicular to it. Let AB represent the 
line, CD the axis, and ^ any ele- 



lE 



a E 



I 



c 



ment. Denote the length of the 

line by 2?, its mass by 7W, the dis- ^ 

tance GE by a;, and the length ^ 

of the element by dx. From the Fig. i9. 

principle of homogeneity, we have, 

%l : dx : : m : dm ; .*. dm = ^ dx. 

All 

Substituting in (1), and integrating from a; = — ? to 
jc = -h Z, we have, 

E=m^; .'. A'' = m(^ + c;«) (3) 

These formulas are entirely independent of the breadth 
of AB in the direction of the axis CD ; they hold good, 
therefore, when the filament is replaced by tlio rectangle 
EF, the axis being parallel to one of its ends. In this 
case m is the mass of the rectangle; 21, its length; and d, 
the distance of the axis from the centre of gravity of the 



rectangle. 



8^ 
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Moment of Inertia of a Oircle. 

90. Firsty let the axis be taken to coincide with one of 
the diameters. Let ACB represent the circle, AB the 
axis, and CD' an element parallel to 
the axis. Denote OC by r, OE by a;, 
EF by dx, CD' by 2y, and the mass 
of the circle by m. Then, because the 
circle is homogeneous, we have, 

ifr^ : 2ydx : : m : dm; 




.•. d^n 



_ 2my , _ 2mVr^ — "g* 



flrr 



2 



(fo = 



flrr 



2 



^la;. 



Substituting in (1), 



K=^^{r^-x^)ix^dx. 



Eeducing by Formulas A and JS, integrating by (20), 
and taking the integral between the limits « = — r and 
X = + r, we find, 



js: = 



mr 



2 



E' = m(^+d») (4) 



Secondly, let the axis be taken through the centre and 
perpendicular to the plane of the circle. Let KL be an 
elementary ring, whose radius is x, and ^ 

whose breadth is dx; then will its area 
be 2irxdx, and from the principle, that the 
masses are proportional to the volumes, 
we have, 

irr* : 2'itxdx : : m : dm ; .\ dm = r— 
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Substituting in (1), and integrating from « = to « = r, 
we have. 






(5) 



Thirdlyy to find the moment of inertia of a circular 
ring with respect to an axis perpendicular to its plane. 
Let m denote the mass of the ring, r and r' 
its extreme radii ; 

Then, n{r^ — r") : "Hnxdx \:m:dm; 



/. dm = 



'^mx 



r — r 



j%(i^ . 




Fiflr. 39. 



Substituting in (1) and integrating from 
a: = r' to a; = r, we have 

^= ^ ^ — -^ ; /. ^ = m^ — g — + dry.. (6) 

Formulas (5) and (6) are independent of the thickness 
of the plate ; hence, they will be true whatever that thick- 
ness may be. Hence, they hold good for a solid and hollow 
cylinder, m being taken to represent the mass of the 
cylinder. 

Moment of Inertia of a Cylinder with respect to an Axis 
perpendicular to the Axis of the Cylinder. 

91. Let the axis be taken through the centre of gravity 
of the cylinder, and let EF be an element perpendicular 
to the axis of the cylinder. Denote the 
length of the cylinder by 2Z, its radius 
by r, its mass by m, the distance of EF 
from the axis by x, and the thickness 
by dx. Then, as before, we have, 

AM 

%l I dx :: n^ \ dm ; .*. dm s= -^bo. 
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The moment of inertia of this element is given by For- 
mula (4) ; but this is the differential of the moment of 
inertia of the entire cylinder ; hence, substituting dm for 
m, and z for d, in (4), we have, 

Integrating from —I to + I, we have, 



Moment of Inertia of a Sphere. 

92. Let the axis pass through the centre of a sphere^ 
Let CD' be an elementary segment perpendicular to 
the axis, DC, whose volume is iry^dx ^ 

= if{r^ —x^)dx; its mass is found 
from the proportion, 

4 

■^r^ : *K(r^ —x^)dz :: m : dm; 

/. dm = j-^i'^'^ —x^)dx. 

Substituting this value of dm for m in equation (5), and 

making r in that equation equal to y, or to Vr^ — z^, we 
have, for the differential of the moment of inertia, 

dK=^(r^ -x^Ydx. 

Integrating between the limits x=:- — r, and a; = + r, we 
have, 

2mr2 




K = 



; .-. K' = 7n^-r^-\-d^\ 
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III. Motion of a Material Point. 

General Formolai. 

98. Uniform motion is that in which the moving point 
passes over equal spaces in equal times; variable motion 
is that in which the moving point passes over unequal 
spaces in equal times. The velocity of a point is its rate 
of motion. The acceleration due to a force is the rate of 
change that it produces in the velocity of a point. When 
a force acts to increase the velocity, the acceleration is 
positive, when it acts to diminish the velocity, the accelera- 
tion is negative, and conversely. 

Let us denote the mass of a material point by m, its 
velocity at any time t, by v, the space moved over at the 
time ty by s, and the acceleration due to the moving force 
by (p. 

When the motion is uniform, the velocity is constant, and 
its measure is the space passed over in any time divided by 
that time ; but we may, in all cases, regard the motion as 
uniform for an infinitely small time dt ; denoting the 
space described -in that time by ds, we have, 

ds , 

'=dt ^^> 

When the velocity varies uniformly the acceleratio7i is 
constant, and we take for its measure the change of 
velocity in any time divided by that time; but we may, in 
all cases, regard the velocity as varying uniformly for an 
infinitely small time dt ; denoting the change of velocity 
in that time by dv, wc have, 

^ = 3J ^^^ 



1 
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In the discussion of motion it is customary to regard the 
time as the independent yariable. Differentiating (1), 
under that supposition, we find, 

substituting this in (2), we have, 

-&• (V 

Equations (1), (2), and (3) are fundamental, and fix>m 
them we may deduce many laws of motion. If we multi- 
ply both members of (3) by m, we have, 

m^:=m^^; or, F=m^^ W 

In (4), F is the moving force. It will often be oonye- 
nient to regard the mass of the material point as the unit 
of mass, in which case, we have, w = 1. 

Uniformly Varied Motion. 

94. Uniformly varied motion is that in which the Te- 
locity increases, or diminishes, uniformly. In the former 
case the motion is uniformly acceUratedy in the latter it is 
uniformly retarded, in both the acceleration is constant. 
Denoting the constant value of (p by g, substituting in (3), 
multiplying both members by dty and integrating, we 
have, 

^ = 9t+G; ox,v^gt\-C (6) 

Multiplying again by dt, and integrating, we find, 

t = yt^ + Ct-^ C" (6) 



i 
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The constant, (7, is what v becomes when ^ = ; this is 
called the initial velocity y and may be denoted by v'. The 
constant, 0', is what 8 becomes when ^ = ; this is called 
the ifiitial space^ and may be denoted by 8^. Making these 
substitutions in (5) and (6), we have, 

vz=v' -^gt (7) 

8 = 8! ■{- v't -h yt* (8) 

Equations (7) and (8) enable us to discuss all the cir- 
cumstances of uniformly varied motion (see Mechanics, 
Arts. 103 to 108). If g represent the force of gravity, and 
v' and s' be each equal to 0, (7) and (8) will express the 
laws of motion when a body falls ifrom rest under the in- 
fluence of gravity, regarded as a constant force. Under 
this supposition they become, 

v=gt (9) 

8 = yt^ (10) 

That is, the velocities generated are proportional to the 
times, and the spaces fallen through are proportional to 
the squares of the times. 

Bodies Falling under the Influence of Gravity, regarded as 

Variable. 

95. In accordance with the Newtonian law, the attrac- 
tion exerted by the earth on a body at different distances 
varies inversely as the squares of their distances. Denoting 
the radius of the earth, supposed a sphere, by r, the force 
of gravity at the surface by g, any distance from the cen- 
tre, greater than r, by s, and the force of gravity at that 
distance by (p, we have, 

8^ : r^ :: g : (p ; .*. 9 = ^-y. 
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Substituting this value of (p in (3), and at the same time 
making it negative, because it acts in the direction of « 
negative, we have, 

Multiplying by 2<fo, and integrating both members, we 
have, 

__ = ^+(7;or,r« = ^ + (7 (12) 

If we make t; = 0, when 5 = ^, we have, 

a.id, t>« = 25rr»(i-J) (13) 

Equation (13) gives the velocity generated whilst the 
body is falling from the height h to the height 8. If we 
make h = oo, and « = r, (13) becomes, 

t;« = 2gr J .*. V = V^gr (14) 

In this equation the resistance of the air is not con- 
sidered. 

If in (14) we make g ^ 32.088 feet, and r = 20923596 
feet, their equatorial values, we find, 

V = 36644 feet, or nearly 7 miles per second. 

Equation (14) enables us to compute the velocity acquired 
by a body in falling from an infinite distance to the sun. 
If we make g = 890.16 feet, and r = 430854.5 miles, which 
are their values corresponding to the sun, we find, 

i; = 381 mik'S per second. 
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If we make Ji equal to the distance of Neptune, and s 
equal to the sun's radius in (13), we find the velocity that 
a body would acquire in falling from Neptune to the sun, 
under the influence of the sun's attraction. 

To find, the time required for a body to fall through any 

ds 
space, substitute -^ for v in (13), and solve the results with 

respect to dt; this gives, 
,, . / h ds^/s , rh sds ,^f,. 

The negative sign is taken because s decreases as t in- 
creases. Eeducing (15) by Formula F, and integrating 
by Formula (26), we find. 

If ^ = when « = A, we have, 

^=y 2^^y 

This, in (16), gives, 

i = |/^[(^ - «')* - 1 A^ersin-l| + ^h]... (17) 
Making s = r in (17), we find, 

Which gives the time required for a body to fall from a 
distance 7i, to the surface of the sun. 
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Bodiei Falling under the Influence of a Force that ▼axles as 

the Distance. 

96. It will be shown hereafter, that if an opening were 
made along one of tl\e diameters of the earth, and a body 
permitted to fall through it, the body would be urged 
toward the centre by a force varying as the distance from 
the centre, provided the earth were homogeneous. As- 
suming that principle, and denoting the force at the sur- 
face by g^ the radius being r, and the force at the distance, 
.9, from the centre by 9, we have, 

g 

r : 5 : : ^ : 9 ; /. 9 = - «. 

V 

Substituting this value of 9 in (3), and at the same time 
giving it the minus sign, because it acts in the direction 
of s negative, we have, 

d^s _ gs 

Multiplying by Ms, and integrating, 

37F= —— + C; or, t;8 = (7 — ^««. 

Making v = 0, when 5 = r, we have, 0=-r*; hence, 

If 5 = 0, we find v = Vgr, which is the maximum velocity. 
It is equal to the entire velocity generated by a body fall- 
ing from au infinite distance to the surface of the earth 

divided by \/2. If the body pass the centre, s becomes 
n( ^ative, and we find the same values for v at equal dis- 
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tauces from the centre, whether s be positive or negative. 
When 8 becomes equal to — r, v reduces to 0, and the 
body then falls toward the centre again, and so on con- 
tinually. 

Let us suppose A' C to he the diameter along which the 
body oscillates, and at the time the body starts from A' 
let a second body start from the same 
point and move around the semi-cir- 
cumference, AMO\ with a constant 

velocity equal to ^fgir. At any point, 
Jf, let this velocity be resolved into 
two components, MQ and MN, the 
former perpendicular and the latter 
parallel to A'C\ The latter component will be equal to 

V^. multiplied by cosOTifiV, or its equal, go^B'MH' ; but 
cosB'MH' = -^FTfJ denoting B'H' by s, whence H'M 

= Vr^ — s^, we have, cos B'MH' 




Fig. 25. 



; hence, MN= 



= 'j/f-(^^- 



5«)^ ; but this 



is equal to the velocity of the oscillating point when at IT. 
Hence, the velocity of the vibrating point is everywhere 
equal to the parallel component of the velocity of the 
revolving point ; they will, therefore, come together at the 
points A' and C, and the position of the vibrating point 
will always be found by projecting the corresponding posi- 
tion of the revolving point on the path of the former. To 
find the time for a complete vibration from A' to C\ solve 
(19) with respect to dt, whence. 



di 



=-f1 



ds 



' Vr8- 



(20) 
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The negative sign is used because Ms a decreasing func- 
tion of 8. Integrating (20) between the limits 8 = r and 
« = — r, we find, 

t" = *4A m 



This, we shall see hereafter, is the time of vibration of a 
simple pendulum whose length is r. 

The time may be found otherwise, as follows : The space 
passed over by the revolving point is irr/ dividing this by 

the velocity, Vyr, we have. 



'='i4 



The species of vibratory motion just discussed is some- 
times called harmonic, being the same as that of a point 
of a vibrating chord or spring. 

Vibration of a Particle of an Elastic Medium. 

97. It is assumed that if a particle of an elastic medium 
be slightly disturbed from its place of rest, and then aban- 
doned, it will be urged back by a force that varies directly 
as the distance of the particle from its position of equilib- 
rium; on reaching this position, the particle, by virtue of 
its inertia, will pass to the other side, again to be urged 
back, and so on. 

Let us denote the displacement, at any time t, by s, and 
the acceleration due to the restoring force by (p; then, from 
the law of force, we have, c^ = n^s, in which n is constant 
for tlie game medium, under the same circumstances of 
density, pressure, etc. Substituting for 9 its value from 
Equation (3), and prefixing the negative sign, because it 
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acts in a direction contrary to that in which s is estimated, 
we have, 

-gf=-*« (^2) 

Multiplying by 2ds, and integrating, we have, 

- ^ = n^s^ + 0=-v^ (23) 

The velocity is when the particle is at the greatest 
distance from the position of equilibrium ; denoting this 
value of s by a, we have, 

which, in (23), gives, 
§! = »«(«.-,«); or, «^^ = -^^ (24) 

Integrating (24), we have. 

ni-h 6'=8m~^- (25) 

Taking the sines of both members, and reducing, we have, 

8=iaam{nt + 0) (26) 

If we make ^ = 0, when 5 = 0, we have (7 = 0, and Equa- 
tion (26) becomes, 

s = a sin(w^) (27) 

If (25) be taken between the limits — a and + a, we find, 
for the time of a single vibration, denoted by ^T, 

^ AT 2flr 
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Substituting this in (27), we have, finally, 

jft) (28) 

in which T is the time of a double vibration. 

Solving (24), we have, 

J- ^__^ 

-- = v = nVa* — «* (29) 

Substituting for s, in (29), its value from (28), we find, 

V = nA/a^ - a^ 8in«(^^j = ^a|/l - sin«(^^) 

Whence, we have, 

V = ^acosr-;^^^ (30) 

This equation is used in discussing the laws of light, 
and in many other cases. 

Ourvilinear Motion of a Point. 

98. A point cannot move in a curve except under the 
action of an incessant force, whose direction is inclined to 
the direction of the motion. This force is called the de- 
flecting force, and can be resolved into two components, 
one ki the direction of the motion, and the other at right 
ap^es to it. The former acts simply to increase or di- 
minish the velocity, and is called the tangential force : the 
latter acts to turn the point from its rectilinear direc- 
tion, and being directed toward the centre of curvature 
is called the centripetal force. The resistance offered by 
the point to the centripetal force, in consequence of its 
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inertia, is equal and directly opposed to the centripetal 
force, and is called the centrifugal force. 

To find expressions for the tangential and centripetal 
forces, let the acceleration due to the deflecting force in the 
direction of the axis of a;, at any 
time if be denoted by X, and the 
acceleration in the direction of 
the axis of y by Y. lict these be 
resolved into components acting 
tangentially and normally. The 
algebraic sum of the tangential 
components is the tangential accel- 
eration denoted by T, and the 
algebraic sum of the normal components is the centripetal 
acceleration denoted by N. Assuming the notation of the 
figure, we have, 

T = Xcostf + Fsin4 ; 

N = Xsin^ — Fcosd. 

But from Articles (93) and (5), we have, 

. dx . , dy 
cos4 = -7- ; smd = -^. 
ds ds 



Fig. 36. 



and. 



Substituting in the preceding equations, and reducing on 
the supposition that t is the independent variable, and by 
means of Formula (3), Art. (38), we have, 

nf_d^ dx d^y dy 
dt^' ds'^ dt^ • ds 

_ d{dx^ + dy^) _ d{ds^) _ d^s . 

"" dt^ . 2d8 "" dt^'Uds " dt^ ^^^^ 



192 DIFFERENTIAL AND INTEGRAL CALCULUS. 

^ __ d^xdy — d^ydx 
~ di^Tds 

__ ds* d^ydx — d^xdy _ v* 
" " 5^ • ds^ "" "" ^ 

But the centripetal acceleration is equal and directly op- 
posed to the centrifugal acceleration. Denoting the lattei 
by /, we have, 

/=J (32) 

From (31) we see that the tangential force is independ- 
ent of the centripetal force, and from (32) we see that the 
acceleratio7i due to the centrifugal force at any point of the 
trajectory y is equal to the square of the velocity divided by 
the radius of curvature at that point 



Velocity of a Point rolling down a Curve in a Vertical Plane. 

99. Let a point roll down a curve, situated in a vertical 
plane, under the influence of gravity regarded as constant. 
Let the origin of co-ordinates be taken at the starting 
point, and let distances downward be positive. At any 
point of the curve, whose ordinate is y, the force of gravity 
being denoted by g, we have, for the tangential component 

of gravity, ^sind, or, g -j- ; placing this equal to its value, 

equation (31), we have, 

dy d^s , ds.d^s 

Integrating and reducing, remembering that the constant 
is under the particular hypothesis, we have, 

1 ds^ 
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The second member of (1) is the velocity due to the 
height y. Hence, the velocity generated by a body rolling 
down a curve, gravity being constant, is equal to that gen- 
erated by falling freely through the same vertical height. 

This principle is true so long as g is constant. But g 
may be regarded as constant from element to element, no 
matter what may be the law of variation. Hence, if a body 
fall toward the sun, or earth, on a spiral line, the ultimate 
velocity will be the same as though it had fallen on a right 
line toward the centre of the attracting body. The direc- 
tion of the motion, however, is not the same, for in the 
former case it is tangential to the trajectory pursued, and 
in the latter case it is normal to the attracting body. 

The Simple Pendulum. 

100. A simple pendulum is a material point suspended 
from a horizontal axis, by a line without weight, and free 
to vibrate about that axis. 

Let ABC \i^ the arc through which the vibration takes 
place, and denote its radius by t The angle CD A is the 
aTW^^tVwJe of vibration ; half this angle, 
ADBy denoted by a, is the angle of 
deviation; and I is the length of the 
pendulum. If the point start from 
rest, at A, it will, on reaching any 
point, Hy of its path, have a velocity, v, 
due to the height EK, denoted by y. 
Hence, 

If we denote the angle HDB by ^, we have DK = Zcosa ; 
we also have DB^lcosa ; and since y is equal to DK—DE, 
we have, 

y = /(C0S4 — COSa), 
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which, being substituted in the preceding formula, 

gives, 

V = V2gl{G086 — cosa). 



Again, denoting the angular velocity at the time t by 9, 



and remembering that 9 = --, we have, for the velocity of 



the pendulum. 

Equating the two values of v, and reducing, we have, 

dd 



dt 



=f1- 



Vcos^ — cosa 



Developing cos^ and cosa by McLaurin's Formula, we have, 

cosd = 1 - - 4- ^ - etc. 

cosa = 1 — ^;- + TTT — etc. 

If we suppose the amplitude to be small, we may neglect 
all the terms after the second ; doing so, and substituting 
ill (31), we have, 

y 9 Va^ - ^* 

Integrating between the limits ^ = — a, and ^ = + a, wa 
find. 



t 



-VI- 



which is the formula for the time of vibration of a dimpb 
pendulum. 
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Attraction of Homogeneous Spheres. 

101. The Newtonian Law of universal gravitation may 
be expressed as follows, viz.: every particle of matter 
attracts every other particle, with a force that varies 
directly as the mass of the attracting particle, and inversely 
as the square of the distance between the particles. To 
apply this law to the case of homogeneous spheres, let us 
first consider the action of a splierical shell, of infinitesimal 
thicknesc. on a material point within it. 

Let D be the material point, AFB a great circle through 
it, and let the diameter ADB be taken as the axis of x. 
If the circle be revolved 
about AB, its circum- 
ference will generate a 
spherical shell, and any 
element of the circumfer- 
ence, as jP, will generate 
an elementary zone whose 
altitude is dx. For any 
point of this zone, as P, 
there is another point, P*, 
symmetrical with it, and the resultant action of Ihcsc points 
on D is directed along AB, and is equal to the sum of tlio 
forces into the cosine of the angle BDP, Hence, the re- 
sultant attraction of the entire zone is directed along AB^ 
and is equal to the sura of the attractions of all its particles 
into the cosine of the angle BDP. To find an expression 
for this resultant, denote CP by r, CD hj a, DP by z, 
and CE hy x. Because the shell is infinitesimal in thick- 
ness and homogeneous, the mass of the zone, is to the mass 
of the shell, as dx, the altitude of the zone, is to 2r, the 
altitude of the shell. Hence, if the mass of the shell be 




Fig. 28. 
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denoted by 7n, the mass of the zone will be denoted bj 

ftt-diJC 

-^ — . If the force exerted by the unit of mass at the unit 

of distance be taken as the unit of force, the attraction 

exerted by all the particles of the zone on the point D will 

fYidx 1 
be equal to -rr — . -r-, and the resultant action on Z>, in the 

direction of AB^ denoted by df, will be given by the equa- 
tion, 

df='!^.\.cosEDP (1) 

Prom the triangle, POD, we have, 
Z)P^ = 2« = r« + a* - 2ax = r* ^ a^ ^ 2a{x — a), 
and from the triangle, BDP, we have, 

cosEBP = ^-^^. 

z 

Substituting in (1), remembering that dx equals d{x — a), 
we have, 

ir _ ^^ (^' "" ^) ^(^ "" ") /o\ 

(fj — ^ • 3^ \^) 

^^ [r2 - «8 - 2a{x - a)y 

Regarding {x — a) as a single variable, reducing by For- 
mula A, and integrating by Formula (29), we find, 

^ 7)1 i X — a 

F = — 



^'^i //f-rS _ /y2 __ 9.n(^ — n\li 



a[r^ -a^ - 2a{x — a)] 

r* — a« 



+ 



a)A 



a^[r^ — a« — 2a{x 

Taking the integral from a; = — r to a; = + r, we have, 

f" = 
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Hence, the effect of the attraction of the shell on any 
point within it is null. If a sphere he described about Q 
as a centre with a radius equal to a, we may call that part 
which lies between it and the surface of the given sphere 
the exterior shell, and the sphere itself may be called the 
nucleus. From what precedes, we infer that any point 
within a homogeneous sphere is acted on by the sphere 
precisely as though the exterior shell did not exist. Hence, 
a point at the centre of a sphere is not affected by the 
attraction of the sphere. 
If the point D' be taken without the shell, we have, 

D^^ = 2« = r* -f a« + ^ax = r^ -a'' + 2a{x + a), 
and from the triangle, ED'P, we have, 

X -\- a 



cosED'P = 



z 



Substituting in (1), we have, 

df= ? (^ + ^M(^+«) -^3^ 

'^^ [r« - a* + 2a{x + a)y 

Reducing and integrating as before, we find, 



m i X -\- a 

^^ ( a[r^ - a« + 2a(x + a] 






+ '1^1^ l + a 

a*[r* - a« + 2a{x + a)]*) 

Taking the integral between the limits x = ^r and 
jT = + r, we have, when a> r 

m 



f"=f* w 
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But m is the mass of the shell, and a is the distance of D 
from the centre ; hence, the shell attracts a particle with- 
out it as though its entire mass were concentrated at its 
centre. 

A homogeneous sphere may be regarded as made up of 
spherical shells; hence, a sphere attracts any point without 
it, as though the mass of the sphere were concentrated at its 
centre. The same is true of a sphere made up of homoge- 
neous strata, which vary in density in passing from the 
surface to the centre. It is to be inferred that two homo- 
geneous spheres, or two spheres made up of homogeneous 
strata, attract each other as though both were concentrated 
at their centres. 

If an opening were made from the surface to the centre 
of the earth, supposed homogeneous, and a body were to 
move along it under the earth's attraction, it would every- 
where be urged on by a force varying directly as the dis- 
tance of the body from the centre. For, denote the dis- 
tance of the body from the centre at any instant by x. 
The body will only be acted on by the nucleus whose radius 
is X, If we take r to represent the radius of the earth, 
and remember that the masses are proportional to these 
volumes, we have, 

4 4 

o o 

Denoting the force of attraction at the surface by g, and 
tile force of attraction at the point whose distance from 
the centre is x by/, we have, from the Newtonian law, 



r^ X 






9 ''f ''' ^,2 • ^2 • • ^ • ^> •'• /— ~^« 



Hence, the proposition is proved. (See Art. 96.) 
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Orbital Motion. 

102. If a moving point, P, be continually acted on by a 
deflecting force directed toward a fixed centre, it will de- 
scribe a line or path, called an orUt, If the momng point 
be undisturbed by the action of any other force, the orbit 
will lie in a plane passing through the fixed centre and an 
element of the curve. Let 
this plane be taken as the 
co-ordinate plane, let the 
fixed point be the origin, 
and let the orbit be repre- Bj 
sen ted by APB, 

Denote the acceleration 
due to the deflecting force 
at any time t by/, its in- 
clination to the axis by 9, and its components in the direc- 
tions of the co-ordinate axes by X and Y, 

From the figure, we have. 




Fig. 29. 



X = — /cos^, and Y = — /sin(p 



(1) 



If we regard t as the independent variable, dx and dy will 
both be variable, and from Equation (3), Art 93, we have, 

XT d^^ , d^y 

X=— ,andr=^. 

If we denote the co-ordinates of P by re and y, and its 
radius vector FP by r, we have, from the figure, 



X . y 

cos9 = -, sin(p = ^; 
r T 



and 



a;« -f y* = r* ; .-. xdx + ydy = rir. 
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Substituting in (1), we have, 

d*x .X , d^y .y ,^. 

^ = -/-,and-f = -/J. (2) 

Multiplying the first of Equations (2) by y, the seconil by 
Xy and subtracting the former from the latter, we have, 

xd'^y yd^x ^ dixdy — ydx) ^ ._. 

-dw-ii^^"^' «>• dt -Q <^> 

Multiplying the first by dx^ the second by dy, adding the 
resulting equations and reducing, we have, 

dxxPx dyd.^y ^.xdx + ydy ^, ,^. 

Integrating (3) and (4), Art. 77, we have. 



and 



dy dx ^ ,^. 



1 dx^ + dy^ ^, f^^ 



or, 

ds^ 
dt^ 



+ ^ffdr =C" (6) 



Equations (5) and (6) make known the circumstances 
of motion when the value of / is given. It is found con- 
venient to transform them to a system of polar co-ordinates, 
whose pole is F, and whose initial line is FX. The for- 
mulas for transformation are 

X = rcoe(p, and y = rsin(p (7) 

Hence, by differentiating, we have, 

dy dr . d(p ,^. 

- = ^sm? + rcos^^ (8) 

and 

dx dr . d(p ,^v 
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We also, have, Art (53), 

ds^ = r^d(p^ + dfr« (10) 

Substituting in (5), and reducing by the relations, 

a»in(p — yoo&p = 0, and ccco8(p + ysin(p = = r, 

we have, 

'^-O ,11) 

From equation (6), we have, 



di 



f^ + 2ffdr = C" (12) 



But, from (11), we have. 



dt = -^, or, dt^ = -^, 



and this, in (12), gives. 



^|,-^+^j + 2/'?-=C" (13) 

Equations (11) and (13) are the equations required. 
Multiplying (11) by dt^ and integrating, we have, 



Ir^dcp = 



a -\- r' (14) 



But, by Art. 53, r*d(p is twice the elementary area swept 
over by the radius vector ; hence, the first member of (14) 
is an expression for twice the area swept over by the radius 
vector up to the time t. If we suppose the area to bo 
reckoned from the initial line FX, and at the same time 
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suppose ^ = 0, we have C" = 0. Substituting this in (14), 
and in the resulting equation making ^ = 1, we find 
C equal to twice the area swept over in the first unit of 
time ; denoting the area described in the unit of time bv 
A, we have, C = 2^, and consequently, 



jr^d(^ = 



2At (15) 



'From Equation (15) we infer that the areas described by 
^he radius vector are proportional to the times of descrip- 
tion, and this without reference to the nature of the de- 
flecfing force. 

To find the equation of the orbit, let us assume as a 
particular case, the Newtonian law of universal gravita- 
tion. Denoting the force exerted by the central body at a 
unit's distance by k, we have, for the attraction at the 
distance r, 

f = i (16) 

Making r = -, whence dr = r, and substituting for O 

and/ their values in (13), we have, 

4.A^^^ + u^]^ -Uu= CF (17) 

or, 

+ ^'=7^2^+^ (18) 



d(^^ ' 4^8 



v . . du 



To find the value of (7 , let -j- = 0, when r = r\ or 

diJL dv 

u = u'. But when -^ = 0, we also have -r— = 0, that is, 

d(f> a^ 
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the radius vector is perpendicular to the arc. If we denote 
the corresponding velocity by v\ we have, 

-4 = — , or, 4^* = V r' ; 
and, consequently, 



2k U 

tU = 



Making these substitutions in (18), we find, 

/-fY I ^A/ 

Denoting this value of C^ by S, and solving Equation (18), 
we have, , 

c?w« ^ / , 2* \ ^ k^ / ^ \« 

^ = '^- (^' - iZ^^j = ^ + I6X^ - (^-ilij 

Solving with reference to 9, and taking the negative sign 
of the radical, we have, 

, du d(u — q) ,- ^. 

a(p = = ; —- .... (19) 

V7>* — (u — qy vp^ — (w — j)* 

Integrating, we have, 

9 - a = co^-^^I^LILS (20) 

In which — a is an arbitrary constant. If we suppose 
9 = 0, when v = v\r = r\ and u = u'y the corresponding 
value of a is the angular distance from the initial line to 
the radius vector whose direction is perpendicular to the 
element of the curve. 
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Taking the cosines of both members of (20), we have, 
!i^ = cos(,-a),or,« = g+^co8(.-a) 

and finally replacing u by its value, and solving, we have, 

1 4^3 

r = 



q + »cos((p — a) ^ + VlQSA^-\-]^ X cos((p — a) 

(^1) 

Equation (21) is the polar equation of a conic section. 
Hence, the orbit of a particle about a central attracting 
body is one of the conic sections. If the orbit is a closed 
curve, it must be an ellipse. This corresponds to the case 
of a planet revolving about the sun, or to that of a satellite 
revolving about its primary. 

Iiaw of Force. 

103. If the orbit of a revolving particle be an ellipse, it 
must be attracted to the focal point by a force that 
varies inversely as the square of the distance. 

The polar equation of an ellipse is 

^^ «(!-«') ,j. 

1 4- ecos((p — a) ^ ' 

in which a is the semi-transverse axis, e is the eccentricity, 
a is the angular distance from the fixed line to the radius 
vector drawn to the nearest vertex, or the longitude of the 
perihelion in the case of a planetary orbit. The angle, 
^ — a, is the angle that is called in astronomy the true 
anomaly. 

Putting r = - , in (1), we get, 

u 

^^ l+.COs(, .-a) 

a{l — e^) ^ ^ 



dp" a(l - e«) ^^^ 
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Differentiating twice, with respect to (p, we find, 

du __ gsin((p -^g) 

and, 

d^u __ ^ e cos((p — g) .,. 

d^ ~ a(l - e«) ^^ 

Adding (2) and (4), we have, 

d^u 1 ,^v 

^ + ^ = «(l-e«) (^> 

Eesuming equation (13) of the last article, replacing r by 

its value, -, and dr by its value, 5-, differentiating and 

reducing, we have, 

'"r^>«h.^=« <«> 

Combining (5) and (6), and solving with respect to /, we 
have. 

Hence, / varies inversely as the square of r, which was to 
be shown. 

Note on the Methods of the Calculus. 

104. All the rules and principles of the Calculus, in the 
present treatise, have been deduced in accordance with the 
method of infinitesimals , as explained in Articles 6 and 7. 
They might also have been deduced by the method of limits. 
It remains to be shown that the results obtained by these 
two methods are always identically the same. 
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To explain the method of limitSy let us denote any fnno* 
tion of a; by y ; that is, let us assume the equation, 

y =/(^) (1) 

If we increase a; by a variable increment A, and denote the 
corresponding value of y by y', we have,* 

y' =f(x + A) (2) 

It is shown in Courtenay's Calculus, Article 4, that so lomg 
as X retains its general value, the new state of the function 
can be expressed by the formula, 

y' =f(x 4- h) =f{x) + Ah + Bh^ + C%» + etc. . . (3) 

in which -4, B, (7, etc., depend on x, but are independent 
of A. If we subtract (1) from (3), member from member, 
we have, 

y'-y = Ah + Bh^ + (etc.) h^ (4) 

Dividing both members of (4) by h, we have, 

^— = A+Bh+ (etc.) h^ (5) 

The first member of (5) is a symbol to express the ratio 
of the increment of the variable, to the corresponding incre- 
ment of the function, and the second member is the value 
of that ratio. 

It is shown in Algebra, that in an expression like the 
second member of equation (5), it is always possible to 
give to h a value small enough to make the first term 
numeri(ially greater than the algebraic sum of all the 
others. If we assign such a value to h, and then suppose 
h to go on diminishing, the second member will contin- 
ually approach A, and when h becomes 0, the second mem- 
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ber will reduce to A. Hence, ^ is a quantity toward 

which the ratio, ^— r-— > approaches as h is diminished, but 

beyond which it cannot pass ; it is therefore the limit of 
that ratio. This limit is the differential coefficient of y, 
•nd, as may easily be seen, it is entirely independent of dx. 
The product of this by the differential of the variable ia 
the differential of y. 

We may, therefore, enunciate the method of limits as 
follows: viz., Give to the independent variable a variable 
increment y and find the corresponding state of the function ; 
from this subtract the primitive state, and divide the dif- 
ference by the variable increment ; then pass to the limit 
of the quotient by making the increment of the variable 
equal to 0; the result is the differential coefficient of the 
function ; if this be multiplied by the differential of the 
variable, the product is the differential of the function. 

In the case assumed, we have, by this method, 

-^ — A; .-. dy = Adx (6) 

If we make h = dx, in Equation (4), dx being infinitely 
small, the first member will be the differential of y, and 
all the terms of the second member after the first may be 
neglected. Hence, by the method of infinitesimals, we 
have, 

dy = Adx ; .*. -^ = A, 

This result is the same as that obtained by the method of 
limits. But, by hypothesis, y represents any function of 
xj hence, in all cases, the differential coefficient is iden- 
tically the same whether found by the method of limits or 
by the method of infinitesimals. 
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Every function, regarded as a primitive^ is connected 
with some other function, regarded as a derivative^ by the 
law of differentiation. This derivative is the diflferential 
coefficient of the primitive. The object of the diflferential 
calculus is to find the derivative from its primitive; the 
object of the integral calculus is to find the primitive from 
its derivative; every application of the calculus depends 
on one of these processes, or on some discussion growing 
out of one, or the other. Now, because the primitive and 
the derivative are independent of the diflferentials of both 
function and variable, the relation between them is, of 
necessity, independent of the methods employed in estab- 
lishing that relation. But it has been shown that the 
same relation is found between these functions, whether 
we employ the method of infinitesimals or the method of 
limits. Hence, these methods, and the results obtained bj 
them, are in all cases logically identical 
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DAVIES' NATIONAL OOTJESE of MATHEMATICS. 

ITS RECORD. 

In claiming for thU series the first place among American text-books, of what 
•ver cla^B, the Pablishers appeal to the magnificent record which its volamei 
have earned daring the thirty-five yean of Dr. Charles Davies* mathematical 
labors. The unremitting exertions of a life-time have placed the modbem series od 
the eame proud eminence among competitors that each of its predecessors hal 
•QCcei^Hlyely ei^Joyed in a course of constantly improved editions, now rounded t<7 
their perfect ftnition— for it seems t Imost that this science is susceptible of nd 
fhrther demonstration. 

Daring the period alluded to, many authors and editors in this department have 
started into public notice, and by borrowing ideas and processes original with Dr. 
DavicB, have ei^oyed a brief popularity, but are now almost unknown. Many of 
the iSeries of to-day, built upon a similar basis, and described as '* modem books,^^ 
are destined to a similar fiite ; while the most fiur-seeing eye will find it difficult to 
fix the time, on the basis of any data afforded by their past history, when these 
books will cease to increase and prosper, and fix a still firmer hold on the affection 
of every educated American. 

One cause of this unparalleled popularity is found in the Ihct that the enterprise 
of the author did not cease with the original completion of his books. Always a 
practical teacher, he has incorporated in his text-books fh>m time to time the ad- 
vantages of every improvement in methods of teaching, and every advance in 
science. Daring all the years in which he has been laboring, he constantly sub- 
mitted his own theories and those of others to the practical test of the class-room 
^approving, rejecting, or modifying them as the experience thus obtained might 
suggest. In this way he has been able to produce an almost perfect series of 
class-books, in which every department of mathematics has received minute and 
exhaustive attention. 

Nor hafe he yet retired from the field. Still in th") prime of life, and enjoying a 
ripe experience wliich no other living mathematician or teacher can emulate, his 
pen Is ever ready to carry on the good work, as the progress of science may de* 
toand. Witness his recent exposition of the " Metric System," which received 
the official endorsement of Congress, by its Committee on Uniform Weights and 
Measures. 

Davtbs^ System is the acknowledged National SriiiDABD fob thb 
United States, for the following reasons :— 

1st. It is the basis of instruction in the great national sdaools at West Point 
and Annapolis. 

2d. It has received the quoA endorsement of the NationU Congress. 

8d. It is exclusively used in the public schools of the National Capital. 

4th. The offlcials of the Government use it as authority in all cases Invt^ving 
mathematical questions. « 

5th. Our great soldiers and sailors commanding the national armiefl and navies 
were educated in this system. So have been a majority of eminent scientists in 
ttiis country. All these refer to " Davies " as authority. 

fith. A larger number of American citizens have received their education from 
thip than from any other series. 

7th. The series has a larger circulation throughout the wholft country than an| 
Other, being extensively used in every State in the Union. 
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Davies' National Course of Mathematics. 

TESTIMONIALS. 
J^Wwi L. Yah Bokkelbn, Stais Superintendent Public Instruction, Maryland, 

The series of Arithmetics edited by Prof. Davies, and published by your firm, 
aave been used for many years in the schools of sevend counties, and the city w 
Baltimore, and have been approved by teachers and commissioners. 

Under the law of 1865, establishing a uniform system of Free Public Schools, 
these Arithmetics were unanimousfy adopted by the State Board of Education. 
after a careM examination, and are now used in all the Public Schools of Mary- 
land. 

These fects evidence the high opinion entertained by the School Authorities ol 
•tlie value of the series theoretically and practically. 

jPVom noBACB Websteb, Jh^eeldent cf the College of New York. 

The undersigned has examined, with care and thought, several volumes of Da- 
vies^ Mathematics, and is of the opinion that, as a whole, it is the most complete 
and best course for Academic and CoUegiate instruction, with which he is ac< 
quainted. 

lYom David N, Camp, State Superintendent of Common Schools^ Connecticut. 

I have examined Davies' Series of Arithmetics with some care. The language 
is clear and precise ; each principle is thoroughly analyzed, and the whole so ar 
ranged as to facilitate the work of instruction. Having observed the satisfactioi) 
andsuccess with which the different books have been used by eminent teachers, 
it gives me pleasure to commend them to others. 

From J. O. Wilson, Chairman Committee on Text'Books, Waehingtxm, D. C, 

I consider Davies' Arithmetics decidedly superior to any other series, and In 
this opinion 1 am sustained, I believe, by the entire Board of Education and Corps 
of Teachers in this city, where they have been used for several years past. 

From John L. Campbell, Professor cf Mathematics^ Wabash College, Indiana, 

A proper combination of abstract reasoning and practical illustration is the 
chief excellence in Prof. Davies' Mathematical works. I prefer his Arithmetics, 
Algebras, Geometry and Trigonomctiy to all others now in use, and cordially re- 
commend them to all who desire the advancement of sound learning. 

From Majob J. H. WnrPTLBSEY, fifovemment Inspector </ Military ScTmoIs. 

Be assured, I regard the works of Vrof. Da\ries, with which I am acquainted, as 
by far the best text-books in print on me subjects which they treat. I shall cer- 
tainly encourage their adoption wherever a word from me may be of any avalL 

From T. McC. Ballantinb, Prvf. Mathematics Cumberland CoHege^ Kentucky, 

\ have long taught Prof. Davies' Course of Mathematics, and I continue to likt 
(iieir working. 

FYom John McLean Bell, B. A., Prin, cf Lower Canada College, 

rhav« used Davies' Arithmetical and Mathematical Series as text-books in the 
■ohoolfl under my charge for the last i^iz years. These I have found of great CKffi- 
cacy in exciting, invigorating, and concentrating the Intellectual foculties of the 



Bach treatise serves as an introduction to the next higher, by the similarity of 
its reasonings and methods ; and the student is carried forward, by easy and 
gradual steps, over the whole field of mathematical Inquiry, and that, too, in a 
shorter time than is usually occupied in mastering a single department. I sincere- 
ly and heartily recommend them to the attention of my fellow-teachers in Canada. 

From D. W, Steele, Prin. Phiiekoian Academy, Cold Springs, Texas. 

f have used Davies' Arithmetics LIU I know them nearly by heart A better 
weries of school-books never were published. J have recommended them until 
they are now used in all this region cf country. 



A large mass of similar " Opinions " may bo obtained by addressing the pub 
lishers for special circular for jDavies' Mathematics. New recommendationf ar« 
il^ablished in current numbers of the Bdncationai BuUeii.n. 
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MATHEMATICS-Continutd. 

PECK'S ARITHMETICS. 

By the ProC of Mathematicg at ColnxnbUi College, New York. 

1. Peck's First Lessons in Numbers, 

Embracing all that is neaany Incladed in what are called Primary and Intel- 
lectual Arithmetics ; proceeding gradually from object lessons to abstract num- 
bers ; developing Addition and Sabtraction simultaneously : with other attrac- 
tive novelties. 

2. Peck's Manual of Practical Arithmetic, 

An excellent '' Brief" course, conveying a sufficient knowledge of Arithmetic 
Ibr ordinary business purposes. 

It is thoroughly '' practical,'* because the author believes the Theory cannot be 
studied with advantage until the pupil has acquired a certain &cility in combin- 
ing numbers, which can only be had by practice. 

3. Peck's Complete Arithmetic, 

The whole subject— theory and practice— presented within very moderate 
limits. This author's most remarkable Ibculty of mathematical treatment is 
comprehended in three words : System, Conciseness, Lucidity. The directness 
and simplicity of this work cannot be better expressed than in the words of a 
correspondent who adopted the book at once, because, as he said, it is ** tteo 
horn that juggling with numbers''^ practiced by many authors. 

From the " CMUsxy^'' New York, 

In the " Complete Arithmetic " each part of the subject is logically developed. 
First are given the necessary definitions ; second, the explanations of such signs 
(if any) as are used ; third, the principles on which the operation depends ; 
fourth, an exemplification of the manner in which the operation is performed, 
which is so conducted that the reason of the rule which is immediately thereafter 
deduced is made perfectly plain ; after which follow numerous graded examples 
and corresponding practical problems. All the parts taken together are arranged 
in logical order. The subject is treated as a whole, and not as if made up of 
segregated parts. It may seem a simple remark to make that (for example) addi- 
tion is in principle one and the same everywhere, whether employed upon simple 
or compound numbers, fractions, etc., the only diflference being in the unit in- 
volved ; but the niunber of persons who understand this practically, compared to 
the number who have studied arithmetic, is not very great. The student of the 
* Complete Arithmetic" cannot fail to understand it. All the principles of the 
science are presented within moderate limits. Superfluity of matter— to supple- 
ment defective definitions, to make clear feulty demonstrations and rules ex- 
pressed either inaccurately or obscurely, to make provision for a multiplicity of 
cases for which no provision is requisite— has been carefWly avoided. The 
definitions are plain and concise ; the principles are stated clearly, and accurately ; 
tlie demonstrations are ftill and complete ; the rules are perspicuous and compre- 
hensive ; the illustrative examples are abundant and well fitted to fJ^miliarize the 
student with the application of principles to the problems of science and of 
every-day life. 

j^" The Definitions constitute the power of the book. We have never seen 
them excelled for clearness and exactness.— Jo2^a School JcmmaU 

20 



The JVIalionaB Series of Standard School^ Sooks. 

MATHEMATICS— Continued. 

PECK'S HIGHER COURSE. 

Peck's Manual of Algebra, 

Bringiiig the methods of Bourdon within the range of the Academic Ckmree. 

Peck's Manual of Geometry, 

By a method pnrely practical, and onembarrasBed by the detailB which rather 
confhse than simplify science. 

Peck's Practical Calculus, 
Peck's Analytical Geometry, 
Peck's Elementary Mechanics, 
Peck's Mechanics, with Calculus, 

The briefest treatises on these sabjects now published. Adopted by fhe gieaft 
Universities ; Tale, Harvard, Colombia, Princeton, Cornell, &c. 

ARITHMETICAL EXAMPLES, 

Reuck's Examples in Denominate Numbers, 
Reuck's Examples in Arithmetic, 

These volumes differ from the ordinary arithmetic in their pecnliarlyi?rEic^i0a7 
character. They are composed mainly of examples, and afford the most severe and 
thorongh discipline for the mind. While a book which should contain a complete 
treatise of theory and practice would be too cumbersome for every-day ufif», the 
insufficiency ot practical examples has been a source of complaint. 

HIGHER MATHEMATICS. 

Macnie's Algebraical Equations, 

Serving as a complement to the more advanced treatises on Algebra, givtaig spe- 
cial attention to the analysis and solution of equations with numerical coeffidenta. 

Church's Elements of Calculus, 
Church's Analytical Geometry, 
Church's Descriptive Geometry, 2 vols., 

These volumes constitute the " West Point Course" in their sereral departments. 

Courtenay's Elements of Calculus, 

A standard work of the very highest grade. 

Hackley's Trigonometry, 

With applications to navigation and surveying, naatlMl and practical geometry 
ftnd geodesy. 
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HISTORY-Continued. 

BARNES' ONE-TERM HISTORY, 
A Brief History of the United States, 

ThlB is probably the xost OBZomAL bchool-book pnbUshed for many x k\ 
in any department. A few of ItB cluims are t^e following: - ' 

1. Brevity.— The text is complete for Grammar School or intern .dia. i 
clasBcs, in 290 12mo pages, large type. It may readily be completed, if desired. In 
ouo term of study. 

2. ComprehenslTeneSS.— Though bo brief, this book c<mtaui8 the pith of ail 
^he wcarving contents of the larger manuals, and a great deal more than the mem- 
ory uBoaliy retains ft-om the latter. 

3. Interest has been a prime consideration. Small books have heretofore 
been bare, Aill of dry statistics, unattractive. This one is charmingly written, 
replete with anecdote, and brilliant with illustration. 

4. Froportion of Events.— it is remarkable for the discrimination with 
which the different portions of our history are presented according to their im- 
portance. Thus the older works being already large books when the civil war 
took place, give it less space than that accorded to the Bevolution. 

5. Arrsn^ement. — in six epochs, entitled respectively. Discovery and Settle^ 
ment, the Colonies, the Revolution, Growth of States, the Civil War, and Current 

fivents. 

6. Catcll Words.- Each paragraph is preceded by its leading thought in 
prominent type, s|b*nding in the student^s mind for the whi^e paragraph. 

7. Eey Notes.— Analogous with this is the idea of grouping battles, ete. 
about some central event, which relieves the sameness so common in such de^ 
ficriptions, and renders each distinct by some striking peculiarity of its own. 

8. Foot Notes.— These are crowded with interesting matter that is not 
strictly a part of history proper. They may be learned or not, at pleasure. Thej 
are certain in any event to be read. 

9. Biograpllies of all the leading characters are given in Ml in foot-notes. 

10. Maps.— Elegant and distixict Maps from engravings on copper-plate, and 
beautifully colored, precede each epoch, and contain all the places named. 

11. Questions are at the back of the book, to compel a more independent nse 
rf the text. Both text and questions are so worded that the pupil must give in- 
f Jlligent answers in his own wobds. "Yes" and "No" will not da 

12. Historical BecreationS.— These are additional questions to test the stu- 
dent's knowledge, in review, as : " What trees are celebrated in our history ?" 
" When did a fog save our army ? " " What Presidents died in office f " " Wnen 
was the Mississippi our western boundary ? " " Who said, ' I would rather bo 
right than President ? ' " etc. 

13. Th3 Illustrations, about seventy in number, are the work of our best 
artists and engravers, produced at great expense. They are vivid and interest- 
ing, and mostly upon subjects never before illustrated in a school-book. 

14. Dates.— Only the leading dates are given in the text, and these are so 
associated as to assist the memory, but at the head of each page is the date of the 
event first mentioned, and at the close of each epoch a summary of events and dates. 

15. The Philosophy of History is studiously exhibited— the causes and 
eflFects of events being distinctly traced and their interconnection shown. 

16. Impartiality. — All sectional, partisan, or denominational views are 
avoided. Facts are stated after a carefQl comparison of all authorities without 
the least prejudice or favor. 

17. Indes.— A verbal hidcx at the close of the book perfects it as a work of 
reference. 

It will be observed that the ahovc are all particulars in which School Histories 
have been signally defective, or altogether wanting. Many other claims to fiavor 
it shares in common with its predecessors. 
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BARNES" ONE-TERM HISTORY— Continued. 

From Prof. Wm. P. Allen, SMU Ufdv. of Wisconsin, 
I think the author of the new " Brief History of the United States " hae been very 
succeesftil in combining brevity with gnfflcient foUneBB and interest. Particularly ^ 
be has avoided the excessive number of names and dates that most histories con- 
tain. Two features that I like w/y much are the anecdotes at the foot of the page 
and the '' Historical Hecreations^^ m the Appendix. The latter, I thii^, is quite a 
new feature, and the other is very well executed. 

From 8. Q. Wright, AsnsL-Supt. Pub. Inst.^ Kansas. 
It is with extreme pleasure we submit our recommendation of the "Brief History 
of the United States." It meets the needs of young and older children, coml/n ing 
concision with perspicuity, and if " brevity is the soul of wit," this " Brief His- 
tory " contains not only that well-chosen ingredient, but wisdom sufficient to en. 
lighten those students who are wearily longing for a " new departure " ftom certain 
old and uninteresting presentations of fossilized writers. We congratulate a pro- 
gressive public upon a progressive book. 

From Hon. Newton Bateman, Supt Pub. Inst.^ lUinois. 
Barnes' One-Term History of the United States is an exceedingly attractive and 
spirited little book. Its claim to several new and valuable features seems well 
founded. Under the form of six well-defined Epochs, the History of the United 
States is traced tersely, yet pithily, from the earliest times to the present day. A 
good map precedes each epoch, whereby the history and geography of the period 
may be stuoied together, as they always should be. The syllabus of each paragraph 
is made to stand in such bold relief; by the use of large, heavy type, as to oe ui 
much mnemonic value to the student. The book is written in a sprightly and 
piquant style, the interest never flagging from beginning to end— a rare and dinlcult 
achievement in works of this kind. 

From the ''Chicago Schoolmaster'''' {Editorial). 
A thorough examination of Barnes' Brief History of the United States brings the 
examiner to the conclusion that it is a superior book in almost every respect. The 
book is neat in form, and of good material. The type is clear, large, and distinct. 
Th3 facts and dates are correct. The arrangement or topics is just the thinir needed 
in a history text-book. By this arrangement the pupil can see at once wnat he is 
expected to do. The topics are well selected, embracing the leading ideas or prin- 
cipal events of American history. . . . Tne book as a whole is much superior 
to any I have examined. So much do I think this, that I have ordered it for my 
class, and shall use it in my school (Signed) B. W. Bakes. 

A Brief History of France, 

By the author of the '' Brief United States," with all the attractive featoree of that 
popular work (which see), and new ones of its own. 

It is believed that the mstory of France has never before been presented in such 
brief compass, and this is effected without sacrificing one particle of interest. Tho 
book reads like a romance, and, while drawing the student by an irresistible £asci- 
nation to his task, impresses the great outlines indelibly upon the memory. 

Gilman's First Steps in General History, 

A " suggestive outline " of rare compactness. Each country is treated by itself, 
and the united States receive special attention. Frequent Maps, contemporary 
events in Tables, References to Standard Works for fuller details, and a minute 
Index constitute the " Illustrative Apparatus." From no other work that we know 
of can so succinct a view of the world^s history be obtained. Considering the neces- 
sary limitation of space, the style is surprisingly vivid, and at times even ornate. 
In all respects a charming, though not the less practical, text-book. 

Gilnnan's "Seven Historic Ages," 

This book is written in the style used by a father talking with his children on the 
progress of history. As one Age after another is taken up, the author brings before 
the young reader the prominent men and characteristic events by which it is to be 
remembered. The object is to stimulate the pupil in school or the child at home to 
study history, to think of it as a lively picture of the doings of men, and not as a 
dead list of uninteresting dates. 

Baker's Brief History of Texas, 

On the plan of "Barnes' Brief Histories," with Constitution of the State, for 
schools. 
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FAMILIAR SCIENCE. 
Norton & Porter's First Book of Science, 

By eminent ProfeBsors of Tale College. Contains the principles of Natiin4 
Phil.)-ophy. ABtronomVf Chemistry^ Physiology, and Geology. Arranged on tht 
Caiechctical plan for primary classes and beginners. 

Chambers' Treasury of Knowledge, 

Pro^esBive lessons tvogd.— firsts common things wmch lie most immediately 
s^round ns, and first attract the attention of the voung Blind ; second^ common objects 
from ibe' Mineral, Animal, and Vegetable kingdoms, manoihctiired articles, and 
mJBcellaneons substances ; thirds a systematic view of Nature under the yanoas 
sciences. May be used as a Reader or Text-book. 

NATURAL PHILOSOPHY. 
Norton's First Book in Natural Philosophy, 

By Prof. Norton, of Yale College. Designed for beginners. Proftisely illustrated, 
and arranged on the Catechetical plan. 

Peck's Ganot's Course of Nat. Philosophy, 

The standard text-book of France, Americanized and popularized by Prof. Peck, 
of Columbia College. The most magnificent s^rstem of illustration ever adopted in 
an American school-book is here found. For mtermediato classes. 

Peck's Elements of Mechanics, 

A suitable introduction to Bartlett*s higher treatises on Mechanical Philosophy, 
and adequate in itself for a complete academical course. 

Bartletl's synthetic, m analytic, Mechanics, 
Bartiett's Acoustics and Optics, 

A system of Collegiate Philosophy, by Prof. Babtlbtt, of West Point Military 
Academy. 

Steele's 14 Weeks Course in Philos. (see p. 34) 
Steele's Philosophical Apparatus, 

Adequate to performing the experiments in the ordinary text-books. The articles 
will be sold separateljr* ifaesired. See special circular for details. 

GEOLOGY. 
Page's Elements of Geology, 

A volume of Chambers^ Educational Course. Practical, simple, and eminently 
calculated to make the study interesting. 

Emmons' Manual of Geology, 

The first Geologist of the country has here produced a work worthy of his repu* 
tation. 

Steele's 14 Weeks Course (seep. 34) 
Steele's Geological Cabinet, 

Containing 125 caremlly selected specimens. In four parts. Sold separately, if 
detiired. See circular for details. 
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